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We consider the construction of gauge theories of gravity that are invariant under local conformal transfor-
mations. We first clarify the nature of global conformal transformations, in both their infinitesimal and finite
forms, and the consequences of global conformal invariance for field theories, before reconsidering existing
approaches for gauging the conformal group, namely auxiliary conformal gauge theory and biconformal gauge
theory, neither of which is generally accepted as a complete solution. We then demonstrate that, provided
any matter fields belong to an irreducible representation of the Lorentz group, the recently proposed extended
Weyl gauge theory (eWGT) may be considered as an alternative method for gauging the conformal group,
since eWGT is invariant under the full set of local conformal transformations, including inversions, as well
as possessing conservation laws that provide a natural local generalisation of those satisfied by field theories
with global conformal invariance, and also having an ‘ungauged’ limit that corresponds to global conformal
transformations. By contrast, although standard Weyl gauge theory also enjoys the first of these properties,
it does not share the other two, and so cannot be considered a valid gauge theory of the conformal group.
PACS numbers: 04.50.Kd, 11.15.-q, 11.25.Hf
I. INTRODUCTION
In the classical description of a physical system, any
property has meaning only relative to the same property
of some other reference system, and not in any absolute
sense1. Thus, any measurement corresponds to calcu-
lating the ratio of two quantities with the same units.
By using ‘natural units’, all physical quantities can be
expressed in terms of length, and so the description of
physical systems should be invariant under the group
of transformations that leave the ratios of lengths un-
changed, namely the global conformal transformations.
These include Poincare´ transformations, which preserve
length, together with global scale changes and special
conformal transformations (SCTs), all of which are con-
nected to the identity, and so may be considered in their
infinitesimal forms. In addition, conformal transforma-
tions also include inversions, which are both finite and
discrete, and hence excluded from the infinitesimal trans-
formations.
The freedom to make an arbitrary choice of units at
any point in space and time further suggests that the de-
scription of physical systems should, in fact, be invariant
under local conformal transformations, which therefore
motivates the study of gauging the conformal group. This
is usually performed by considering only the infinitesimal
transformations, hence excluding inversions, and allow-
ing the constant group parameters to become arbitrary
functions of position. Field theories constructed to be
invariant under these local transformations are known as
conformal gauge theories, and have been widely studied
since the 1970s as potential modified gravity theories.
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One finds, however, that this standard approach to
gauging the conformal group and the resulting class
of auxiliary conformal gauge theories (ACGT)2–7 suffer
from serious theoretical difficulties. Most notably, SCTs
are not represented in the final structure of AGCT, since
the corresponding gauge field can be algebraically elimi-
nated from the theory. More precisely, it may be shown
that for any self-consistent ACGT action, the resulting
field equation for the SCT gauge field can be solved and
substituted back into the action to obtain an effective ac-
tion that is independent of this gauge field, which is thus
termed an auxiliary field (hence the name for this class
of theories). Thus, in this approach, it appears that the
symmetry reduces back to the local Weyl group.
These difficulties have motivated an alternative ap-
proach, known as biconformal gauging8–15, which is built
on the observation that the reduction to the local Weyl
group that occurs in ACGT is associated with the break-
ing of the symmetry that exists between the generators
of translations and SCTs in the conformal algebra. Bi-
conformal gauging preserves this symmetry by construc-
tion, although again considers only transformations that
are connected to the identity. The resulting biconformal
gauge theories (BCGT) are successful in circumventing
many of the problems encountered in the standard ap-
proach and have some very interesting and promising
features. Nonetheless, the resulting requirement of an
8-dimensional base manifold complicates their physical
interpretation.
Neither of these approaches is thus currently generally
accepted, and so the role of the conformal group in the
construction of gauge theories of gravity remains uncer-
tain. In this paper, we therefore consider an alternative
approach to gauging the conformal group, which is moti-
vated in part by consideration of finite conformal trans-
formations, which are therefore not necessarily connected
to the identity and so include inversions.
2Our reasons for including inversions explicitly are
twofold. First, from a physical perspective, it is well-
known that both the Faraday action for the electromag-
netic field and the Dirac action for a massless spinor
field are invariant not only under the elements of the
conformal group that are connected to the identity, but
also under inversions16–19. Second, from a mathematical
viewpoint, if one considers finite conformal transforma-
tions, rather than infinitesimal ones, then the inversion
operation effectively replaces the SCT as the fourth dis-
tinct element of the conformal group, since the SCT is
merely the composition of an inversion, a finite transla-
tion and second inversion. Indeed, this correspondence
extends to the action of the elements of the finite con-
formal group on fields, provided the latter belong to an
irreducible representation of the Lorentz group. More-
over, the inversion is itself the composition of a scaling
and reflection, both of which are position-dependent in
prescribed ways. Thus, when one gauges the finite con-
formal group, the only transformations to consider be-
yond those of the local Weyl group are gauged reflec-
tions, which have not been addressed previously, to our
knowledge. Since reflections are merely improper Lorentz
transformations, however, they may be localised straight-
forwardly by gauging the full Lorentz group, rather than
only the restricted Lorentz group that is usually consid-
ered. Once again, this approach extends to the action of
finite conformal transformations on fields that belong to
an irreducible representation of the Lorentz group.
These considerations suggest an alternative means of
circumventing the difficulties associated with the gaug-
ing of SCTs discussed above. In particular, it follows
that both Weyl gauge theory (WGT) and the recently
proposed extended Weyl gauge theory (eWGT)20 already
accommodate all the gauged symmetries of the full finite
conformal group, without the need to introduce any more
gauge fields, provided that each occurrence of a proper
Lorentz transformation in the finite transformation laws
for the covariant derivative and gauge fields, respectively,
instead denotes an element of the full Lorentz group. In
this way, both WGT and eWGT actions constructed in
the usual way are invariant under (finite) local conformal
transformations. As we will show, however, only eWGT
also possesses conservation laws that provide a natural
local generalisation of those satisfied by field theories
with global conformal invariance, and has an ‘ungauged’
limit that corresponds to global conformal transforma-
tions. This suggests that eWGT may be considered as
a valid alternative gauge theory of the conformal group,
whereas WGT cannot be considered as such.
The remainder of this paper is arranged as follows. In
Section II, we briefly outline global conformal invariance,
and clarify the geometric nature of conformal transfor-
mations, in both their infinitesimal and finite forms; in
the latter we focus particularly on the role played by in-
versions. We also clarify the requirements that global
conformal invariance places on field theories, which is
sometimes unclear in the literature. In Section III, we
briefly discuss the principles underlying the gauging of a
spacetime symmetry group, and in particular compare
Kibble’s original method with the more recently em-
ployed quotient manifold method. We then reconsider
previous approaches to gauging the conformal group, fo-
cussing first on applying Kibble’s approach directly to
construct ACGT and summarising its theoretical short-
comings mentioned above. We also discuss the concept of
‘ungauging’21,22, by which one seeks to identify the sym-
metry group underlying any given gauge theory, and pro-
pose some modifications to the existing approach before
applying it to ACGT. We then give a very brief outline of
BCGT. In Section IV, we summarise eWGT, focussing in
particular on the forms of the covariant derivative, field
strengths, action, field equations and conservation laws,
all of which illustrate its very different structure from
other gravitational gauge theories. We then demonstrate
our central point that, with the above mentioned modest
extension to the transformation laws of the gauge fields,
both eWGT and WGT are invariant under the full set of
finite local conformal transformations, including inver-
sions, but that only eWGT also possesses conservation
laws that provide a natural local generalisation of those
satisfied by field theories with global conformal invari-
ance, and has an ‘ungauged’ limit that corresponds to
global conformal transformations. We conclude in Sec-
tion V. In addition, in Appendix A, we include a simple
derivation of the finite forms for the action on the coor-
dinates of every element of the conformal group (not just
those connected to the identity) directly from their defin-
ing requirement, without integrating infinitesimal forms.
Finally, in Appendix B, we present a brief outline of the
consequences of general global and local symmetries for
field theories, focussing in particular on Noether’s first
and second theorems, the latter being discussed surpris-
ingly rarely in the literature.
II. GLOBAL CONFORMAL INVARIANCE
In Minkowski spacetime, conformal coordinate trans-
formations xµ → x′µ from some Cartesian inertial coor-
dinate system xµ are those that leave the light-cone (and
hence causal structure) invariant, such that
ds2 = ηµν dx
µ dxν = Ω2(x)ηµν dx
′µ dx′ν , (1)
for some (real) function Ω(x). Indeed, more generally,
conformal transformations preserve the ‘angle’ or inner
product between any two vectors, which is equivalent to
the invariance of the ratio of their lengths.
A. Infinitesimal global conformal transformations
For an infinitesimal coordinate transformation x′µ =
xµ + ξµ(x) to satisfy (1), it is readily established that
one requires
∂(αξβ) =
1
n
(∂µξ
µ)ηαβ , (2)
3which is the conformal Killing equation in n-dimensional
Minkowski spacetime, although hereinafter we will con-
centrate exclusively on the case n = 4. One may show in
the usual (albeit rather intricate) manner that the most
general solution for ξµ(x) has the form
ξµ(x) = aµ + ωµνx
ν + ρxµ + cµx2 − 2c · xxµ, (3)
where the 15 infinitesimal parameters aµ, ωµν = −ωνµ, ρ
and cµ are constants, i.e. not functions of spacetime po-
sition, and we use the shorthand notation x2 ≡ ηµνxµxν
and c·x ≡ ηµνcµxν , in which ηµν = diag(1,−1,−1,−1) is
the Minkowski metric in Cartesian inertial coordinates.
If the 4 parameters cµ defining the so-called special con-
formal transformation (SCT) vanish, then (3) reduces to
an infinitesimal global Weyl transformation. Moreover,
if the parameter ρ defining the dilation (or scale trans-
formation) also vanishes, then (3) further reduces to an
infinitesimal global Poincare´ transformation, consisting
of a Lorentz rotation defined by the 6 parameters ωµν
and a spacetime translation defined by the 4 parame-
ters aµ. The group of global Poincare´ transformations
is the isometry group of Minkowski spacetime, such that
Ω2(x) = 1 in (1).
A more intuitive geometric interpretation of an in-
finitesimal global conformal transformation may be ar-
rived at directly using (2), from which one may show
that
∂βξ
α = ̟αβ + ̺δ
α
β , (4)
where ̟αβ = −̟αβ and ̺ represent (in general) a
position-dependent infinitesimal rotation and dilation,
respectively, which must satisfy the conditions (assum-
ing dimensionality n ≥ 3)
∂µ̟
αβ − 2δ[αµ ∂β]̺ = 0, (5a)
∂α∂β̺ = 0. (5b)
Successive integration of equations (4–5), from the last
to the first, then yields ̺(x) = ρ − 2c · x, ̟αβ(x) =
ωαβ+4c[αxβ] and the expression (3) for ξα(x), as before,
where ρ, ωαβ and cα are again constants.
The action of an infinitesimal conformal transforma-
tion on some field ϕ(x) defined on the spacetime may be
determined by first considering the 11-parameter (little)
subgroup, say H(1, 3), of the conformal group C(1, 3),
obtained by setting aµ = 0, which leaves the origin
xµ = 0 invariant. Its generator matrices Σµν , ∆ and κµ,
corresponding to Lorentz rotations, dilations and SCTs,
respectively, satisfy the commutation relations
[Σµν ,Σρσ] = ηµσΣνρ − ηνσΣµρ + ηνρΣµσ − ηµρΣνσ,
[Σµν , κρ] = ηνρκµ − ηµρκν , [Σµν ,∆] = 0,
[∆,∆] = 0, [κµ, κν ] = 0, [κµ,∆] = κµ. (6)
Using the method of induced representations, one may
then show that the action of a full infinitesimal confor-
mal transformation on some field ϕ(x) leads to a ‘form’
variation δ0ϕ(x) ≡ ϕ′(x) − ϕ(x) given by23
δ0ϕ(x) = (a
µPµ +
1
2ω
µνMµν + ρD + c
µKµ)ϕ(x), (7)
where the 15 generators of the conformal group C(1, 3)
have the forms
Pµ = −∂µ, (8a)
Mµν = xµ∂ν − xν∂µ +Σµν , (8b)
D = −x · ∂ +∆, (8c)
Kµ = (2xµ x · ∂ − x2∂µ) + 2(xνΣµν − xµ∆) + κµ, (8d)
which correspond to translations, Lorentz rotations, di-
lations and SCTs, respectively. Note that the generator
of the SCT can be expressed in terms of (parts of) the
other generators as Kµ = x
2Pµ + 2x
νΣµν − 2xµD + κµ.
The generators (8) satisfy the commutation relations
[Mµν ,Mρσ] = ηµσMνρ − ηνσMµρ + ηνρMµσ − ηµρMνσ,
[Mµν , Pρ] = ηνρPµ − ηµρPν ,
[Mµν ,Kρ] = ηνρKµ − ηµρKν, [Mµν , D] = 0,
[Pµ,Kν ] = 2(Mµν + ηµνD), [D,D] = 0,
[Pµ, Pν ] = 0, [Pµ, D] = −Pµ,
[Kµ,Kν ] = 0, [Kµ, D] = Kµ, (9)
which define the Lie algebra of the conformal group. Note
that, as expected, one recovers the Lie algebra of the
Weyl group W (1, 3) by ignoring commutators contain-
ing Kµ, and if one also ignores commutators containing
D one recovers the Lie algebra of the Poincare´ group
P (1, 3).
From (3) and (7), it is straightforward to show that
the form variation can also be written as
δ0ϕ(x) = [ξ
µ(x)Pµ +
1
2̟
µν(x)Σµν + ̺(x)∆ + c
µκµ]ϕ(x),
(10)
where ξµ(x) is given by (3), ̟µν(x) = ωµν + 4c[µxν]
and ̺(x) = ρ − 2c · x, which are clearly all functions of
spacetime position. The form variation (10) is of particu-
lar interest when the field ϕ(x) belongs to an irreducible
representation of the Lorentz group, since the action of
the conformal group is considerably simplified because
the matrix generators ∆ and κµ have particularly sim-
ple forms. First, according to Schur’s lemma, any matrix
that commutes with the generators Σµν must be a mul-
tiple of the identity. Indeed, one has ∆ = wI, where I
is the identity and w is the Weyl weight (or scaling di-
mension) of the field ϕ(x). Then, from [κµ,∆] = κµ, one
finds that κµ = 0. In this case, with ∆ = wI and κµ = 0,
it is worth noting that the form variation (10) may be
considered as a particular example of an infinitesimal lo-
cal Weyl transformation, consisting of the combination
of particular forms of position-dependent translation, ro-
tation and dilation; this is consistent with the geometric
interpretation of an infinitesimal global conformal trans-
formation expressed in (4).
Fields that transform according to (10) under a confor-
mal transformation are called primary fields. There also
exist non-primary fields, the most important example of
which is the derivative ∂µϕ(x) of a primary field. It is
straightforward to show that
δ0(∂µϕ) = Θ∂µϕ− (̟νµ + ̺δνµ)∂νϕ+ 2(cνΣνµ − cµ∆)ϕ,
(11)
4where Θ ≡ ξαPα+ 12̟αβΣαβ+̺∆+cακα is the quantity
in square brackets on the RHS of (10), with generators
appropriate to the nature of ϕ(x), and the final term on
the RHS of (11) shows that ∂µϕ(x) is non-primary. In-
deed, although the transformation law is linear, this final
term also means that it is inhomogeneous. It is clear that
this behaviour results solely from the SCT; if cµ = 0, and
hence ̟µν = ωµν and ̺ = ρ, one recovers a global Weyl
transformation and (11) becomes homogeneous and of
an analogous form to the transformation law (10) of the
original field ϕ(x) with cµ = 0, once the generators have
been augmented to accommodate the additional vector
index on the partial derivative ∂µ.
B. Finite global conformal transformations
The finite forms for the action on the coordinates of the
elements of the conformal group C(1, 3) corresponding to
translations, proper Lorentz rotations (jointly Poincare´
transformations) and dilations (jointly Weyl transforma-
tions) are easily found by obtaining the integral curves
of the corresponding infinitesimal expressions. Again de-
noting the 15 now finite constant parameters of the group
by a, ω, ρ and c, these finite forms are, respectively,
x′µ = xµ + aµ, x′µ = Λµν(ω)x
ν , x′µ = eρxµ, (12)
where Λµν(ω) is a proper Lorentz transformation matrix
satisfying ηµνΛ
µ
ρΛ
ν
σ = ηρσ and det Λ
µ
ν = 1.
The same procedure can be used to find the finite form
for the action of a SCT, but more geometrical insight is
obtained by first introducing the inversion transforma-
tion, which may be taken to have the form
x′µ =
xµ
x2
, (13)
where x2 = ηµνx
µxν 6= 0. This discrete transforma-
tion is clearly also an element of the full conformal group
(although not one connected to the identity), since the
new (Minkowski spacetime) metric is given by γ′µν(x) =
ηµν/(x
2)2. If one then considers the composite trans-
formation consisting of an inversion, followed by a finite
translation through cµ, followed by a second inversion,
one finds
x′µ =
xµ + cµx2
1 + 2c · x+ c2x2 , (14)
which reduces to the infinitesimal SCT in (3) for small
cµ. Since every smooth conformal transformation of a
pseudo-Euclidean (Euclidean) space of dimension n ≥ 3
can be represented as a composition of isometry, dila-
tion and inversion24, the expression (14) must repre-
sent a finite SCT. It is worth mentioning that, although
both the numerator and denominator of (14) vanish for
xµ = −cµ/c2, this point is mapped to infinity and hence
the finite SCT is not defined globally. Indeed, in order to
define finite SCTs globally, one must consider a confor-
mally compactified Minkowski spacetime, which includes
an additional special point at infinity and its null cone,
but we will not consider this subtlety any further here.
Although not usually presented in the literature, one
can in fact derive the finite forms for the action on the
coordinates of every element of the conformal group (not
just those connected to the identity) directly from the
defining requirement (1), without having to integrate in-
finitesimal forms. As just mentioned, one may consider
every smooth conformal transformation as a composition
of isometry, dilation and inversion. The coordinate trans-
formation matrix for the inversion (13) is given by
Xµν ≡ ∂x
′µ
∂xν
=
1
x2
(δµν − 2xˆµxˆν) ≡
1
x2
Iµν(xˆ), (15)
which one may identify25 as the composition of a (posi-
tion dependent) dilation 1/x2 and reflection Iµν(xˆ) in
the hyperplane perpendicular to the unit vector xˆ ≡
xµ/
√
x2. It is straightforward to show that Iµν(xˆ) is
an improper Lorentz transformation matrix, satisfying
ηµνI
µ
ρ(xˆ)I
ν
σ(xˆ) = ηρσ and det I
µ
ν(xˆ) = −1. Thus, with
no loss of generality, one may write the transformation
matrix of any smooth finite conformal transformation in
the form
Xµν = Ω(x)Λ
µ
ν(x), (16)
where, in general, Λµν(x) represents a position-
dependent finite Lorentz transformation (either proper
or improper) and Ω(x) represents a position-dependent
finite dilation; indeed, one sees immediately that (16)
satisfies the defining requirement (1). As shown in Ap-
pendix A, one may further use (1) to derive conditions
on Λµν(x) and Ω(x), which may be written as (for di-
mensionality n ≥ 3)
Λγ
α∂µΛ
γβ − 2δ[αµ ∂β] lnΩ = 0, (17a)
2Ω∂α∂βΩ+ ηαβ(∂γΩ)(∂
γΩ)− 4(∂αΩ)(∂βΩ) = 0. (17b)
It is straightforward to check that, on writing x′µ ≈ xµ+
ξµ(x), Λµν(x) ≈ δµν+̟µν(x) and Ω(x) = e̺(x) ≈ 1+̺(x),
the expressions (16–17) reduce correctly in the infinitesi-
mal limit to those given in (4–5). Moreover, as discussed
further in Appendix A, the conditions (17) may be used
to determine directly the action on coordinates of the four
distinct finite elements of the conformal group, namely
position-independent translations, rotations and scalings,
together with inversions (and hence also SCTs).
In the space of fields, the action of the finite elements
of the conformal group that are connected to the iden-
tity (thus excluding inversions) is formally given by the
exponential of the operator appearing on the RHS of (7),
such that for some field ϕ(x) one has
ϕ′(x) = exp(aµPµ +
1
2ω
µνMµν + ρD+ c
µKµ)ϕ(x), (18)
where the group parameters a, ω, ρ and c are now finite
constants.
5It is again of particular interest to consider the case of
some physical field ϕ(x) belonging to an irreducible rep-
resentation of the Lorentz group. Setting cµ = 0 for the
moment, thereby neglecting the finite SCTs and consid-
ering just the Weyl group, one may describe the action
of a finite transformation as
ϕ′(x′) = ewρS(ω)ϕ(x), (19)
where S(ω) is the matrix corresponding to the element
ω of the proper Lorentz group (or SL(2,C) group) in
the representation to which ϕ(x) belongs (we have sup-
pressed Lorentz indices on these objects for notational
simplicity), and w is the Weyl (or conformal) weight of
the field ϕ(x). Indeed, we have adopted the form (19)
for the action of finite global Weyl transformations on
physical fields in our previous work20.
To determine the explicit form for the action of a fi-
nite SCT on some such physical field ϕ(x), it is again
convenient to consider first the action of an inversion, for
which the transformation matrix is given by (15). Thus,
the action of an inversion on, for example, a vector field
V µ(x) of Weyl (scaling) weight w, is given by
V ′µ(x′) = (x2)−wIµν(xˆ)V
ν(x). (20)
Analogous transformation laws hold for higher-rank ten-
sor fields. One may also show that the action of an in-
version on a spinor field ψ(x) of Weyl weight w is given
by
ψ′(x′) = (x2)−w(γ · xˆ)ψ(x), (21)
where γ = {γµ} denotes the set of Dirac matrices. It is
worth noting that the quantities Iµν(xˆ) and γ · xˆ have
previously been identified26 as matrices that decouple the
Lorentz indices on tensor and spinor fields, respectively,
from SCTs, but surprisingly without giving their geo-
metric interpretation as a reflection in the hyperplane
perpendicular to the unit vector xˆ. It is straightforward
to show that these two decoupling matrices are related
by the useful formula
(γ · xˆ)γµ(γ · xˆ) = −Iµν(xˆ)γν . (22)
Recalling that a SCT is the composition of an inver-
sion, followed by a translation cµ, followed by a second
inversion, it is now straightforward to show that the ac-
tion of a finite SCT on, for example, a vector field or
spinor field of Weyl weight w is given by, respectively,
V ′µ(x′) = [σ(x, c)]−wIµα(xˆ
′)Iαν(xˆ)V
ν(x), (23a)
ψ′(x′) = [σ(x, c)]−w(γ · xˆ′)(γ · xˆ)ψ(x), (23b)
where we have defined the (inverse) scaling σ(x, c) ≡
1 + 2c · x + c2x2 that appears in the denominator of
the coordinate transformation (14) resulting from a finite
SCT. The transformations (23) are thus the composition
of a reflection in the hyperplane perpendicular to xˆ, a
reflection in the hyperplane perpendicular to xˆ′ and a
scaling. Combining the two reflections, the action of a
finite SCT on the fields thus consists of a rotation in the
hyperplane defined by xˆ and xˆ′ (through twice the angle
between the two directions) and a scaling. It is worth
noting that, since the resulting rotation is composed of
two reflections, it is of a special (or restricted) form; in
4 dimensions not all (proper) Lorentz rotations can be
constructed in this way.
The above geometrical interpretation of a finite SCT
is consistent with the action of an infinitesimal SCT on
a (primary) field that belongs to an irreducible represen-
tation of the Lorentz group, which is given by (10) with
∆ = wI, κµ = 0, ω
µν = 0 and ρ = 0, and describes
the combination of an infinitesimal scaling and rotation
(both position dependent). Indeed, it is straightforward
to show that in the limit of small cµ the transforma-
tions (23) yield precisely the forms ̟µν(x) = 4c[µxν]
and ̺(x) = −2c · x for the infinitesimal parameters ap-
pearing in (10). Moreover, having introduced the reflec-
tion operator Iµν(xˆ), it is worth noting that the gen-
erator Kµ for SCTs in (8d) can be written as Kµ =
−x2Iµν(xˆ)∂ν + 2(xνΣµν − xµ∆) + κµ.
Finally, we note that since the action both of inver-
sions and SCTs on fields that belong to an irreducible
representation of the Lorentz group consist of a scaling
and a Lorentz rotation, albeit an improper rotation for
inversions, then the action of any element of the full fi-
nite conformal group on such a field may be written in
the form (19), provided one extends the definition of S(ω)
to include matrices corresponding to elements of the full
Lorentz group, and allows ρ and ω to become particular
functions of spacetime position.
C. Global conformal invariant field theory
We now discuss the consequences of global conformal
invariance for field theories, since this is sometimes un-
clear in the literature. Consider a Minkowski space-
time M, labelled using Cartesian inertial coordinates,
in which the dynamics of some set of fields ϕi(x) (i =
1, 2, . . .) is described by the action
S =
∫
L(ϕi, ∂µϕi) d
4x, (24)
such as that considered in Appendix B 1. The index i
here again merely labels different matter fields, rather
than denoting the tensor or spinor components of indi-
vidual fields (which are suppressed throughout). It is
also worth noting that these fields may include a scalar
compensator field (often denoted also by φ) with Weyl
weight w = −1, which may be used to replace mass pa-
rameters in the standard forms of Lagrangians for mas-
sive matter fields to achieve global conformal invariance
(for example by making the substitution mψ¯ψ → µφψ¯ψ
in the action for a massive Dirac field ψ, where µ is a
dimensionless parameter but µφ has dimensions of mass
in natural units)20.
6The consequences of invariance of the action (24) under
an infinitesimal global coordinate transformation (con-
nected to the identity) may be determined by substitut-
ing the forms (3) and (7) into the general expressions
(B2) and (B3). Recalling that the operators δ0 and ∂µ
commute, and equating to zero the coefficients multiply-
ing the constant parameters aµ, ωµν , ρ and cµ, respec-
tively, leads to the conditions
∂µL− ∂L
∂ϕi
∂µϕi − ∂L
∂(∂αϕi)
∂µ∂αϕi = 0,
(25a)
∂L
∂ϕi
Σµνϕi+
∂L
∂(∂αϕi)
[Σµν∂αϕi + (ηαµ∂ν−ηαν∂µ)ϕi] = 0,
(25b)
∂L
∂ϕi
∆ϕi +
∂L
∂(∂αϕi)
(∆− I)∂αϕi + 4L = 0,
(25c)
∂L
∂ϕi
κµϕi +
∂L
∂(∂αϕi)
[κµ∂αϕi + 2(Σµα − ηµα∆)ϕi] = 0,
(25d)
which hold up to a total divergence of any quantity that
vanishes on the boundary of the integration region in
(24). The first condition is equivalent to requiring that
L has no explicit dependence on spacetime position x,
and this condition has been used to derive the second
and third conditions. Moreover, the first three conditions
have all been used to derive the final condition. In partic-
ular, this means that for the action to be invariant under
SCTs (which is necessary for conformal invariance), it
must be Poincare´ and scale invariant, in addition to sat-
isfying the condition (25d). Conversely, an action that
is invariant under Poincare´ transformations and SCTs is
necessarily scale invariant.
Again adopting the forms (3) and (7), one finds that
the general expression (B8) for the Noether current be-
comes
Jµ = −aαtµα + 12ωαβMµαβ + ρDµ + cαKµα, (26)
where the coefficients of the parameters of the conformal
transformation are defined by
tµα ≡ ∂L
∂(∂µϕi)
∂αϕi − δµαL, (27a)
Mµαβ ≡ xαtµβ − xβtµα + sµαβ , (27b)
Dµ ≡ −xαtµα + jµ, (27c)
Kµα ≡ (2xαxβ−δβαx2)tµβ+2xβ(sµαβ−ηαβjµ)+kµα,
(27d)
which are the (total) canonical energy-momentum, an-
gular momentum, dilation current and special conformal
current, respectively, of the fields ϕi, and we have also
defined the quantities
sµαβ ≡ ∂L
∂(∂µϕi)
Σαβϕi, (28a)
jµ ≡ ∂L
∂(∂µϕi)
∆ϕi, (28b)
kµα ≡ ∂L
∂(∂µϕi)
καϕi, (28c)
which are the (total) canonical spin angular momentum,
intrinsic dilation current and intrinsic special conformal
current of the fields. In (27d), it is worth noting that the
first term on the RHS can be written as −x2Iαβ(xˆ)tµβ .
If the field equations δL/δϕi = 0 are satisfied, then
invariance of the action (24) reduces to the conservation
law ∂µJ
µ = 0. Since the parameters of a global conformal
transformation in (26) are constants, one thus obtains
separate conservation laws of the form (B9), given by
∂µt
µ
α = 0, (29a)
∂µs
µ
αβ + 2t[αβ] = 0, (29b)
∂µj
µ − tµµ = 0, (29c)
∂µk
µ
α + 2(s
µ
αµ − jα) = 0, (29d)
which again hold up to a total divergence, and may be
considered as the “on-shell” specialisation of the condi-
tions (25). As previously, the first condition has been
used to derive the second and third conditions, and the
first three conditions have all been used to derive the fi-
nal condition. It is worth noting that the conditions (25)
and (29) in fact hold for any subset of terms in the La-
grangian L for which the resulting action is conformally
invariant.
As mentioned earlier, if the fields ϕi(x) belong to ir-
reducible representations of the Lorentz group, which is
usually the case for physical fields, then ∆ = wI and
κµ = 0, and hence k
µ
α also vanishes. In this case, it is
usual to define the “field virial”27
Vα ≡ ∂L
∂(∂βϕi)
(Σαβ − ηαβw)ϕi = sβαβ − jα. (30)
From (29d), one sees that for (any subset of) an action
that is Poincare´ and scale invariant also to be conformally
invariant, the field virial Vα must vanish up to a total
divergence. Remarkably, this last condition is found to
hold for all renormalizable field theories involving parti-
cles with spin 0, 1/2 and 1, even though scale invariance
(and hence conformal invariance) is, in general, broken
in such theories28.
As is well known, the conservation laws (29a) and
(29b), resulting from translational and Lorentz invari-
ance, respectively, can both be expressed in terms of the
single Belinfante energy-momentum tensor29
tµνB = t
µν + 12∂λ(s
µνλ + sνµλ − sλνµ), (31)
as the two properties ∂µt
µν
B = 0 and t
µν
B = t
νµ
B . More-
over, for theories describing fields ϕi(x) that belong to ir-
reducible representations of the Lorentz group and where
the field virial (30) vanishes up to a total divergence, scale
invariance is thus equivalent to conformal invariance, and
one may further define the improved energy-momentum
tensor30
θµν = tµνB − 16 (∂µ∂ν − ηµν2)
∑
i
ϕ2i , (32)
7such that the remaining conditions in (29) can be ex-
pressed in terms of this single quantity as ∂µθ
µν = 0,
θµν = θνµ and θµµ = 0.
Since the discussion thus far relies on infinitesimal
transformations, it applies only to elements of the confor-
mal group that are continuously connected to the iden-
tity, and hence neglects invariance of the action (24) un-
der inversions, which are intrinsically both finite and dis-
crete. As mentioned in the Introduction, this issue is of
particular interest since it is straightforward to show that
both the Faraday action for the electromagnetic field and
the Dirac action for a massless spinor field are invariant
not only under the continuous elements of the conformal
group considered above, but also under inversions.
Additional conserved quantities can be generated by
discrete symmetries. For example, theories invariant un-
der spatial inversion x′i = −xi (i = 1, 2, 3) conserve par-
ity. It is far less straightforward, however, to determine
directly the consequences of invariance of a general action
(24) under the (conformal) inversion (13). Nonetheless,
some insight may be gained by considering the large-
parameter limit of the finite SCT (14), which is given
by26
x′µ =
cµ
c2
+
1
c2
Iµν(cˆ)
xν
x2
+O
(
1
c3
)
. (33)
Thus, a large-c SCT consists of the composition of an
inversion (13), a reflection in the hyperplane perpendicu-
lar to cˆ, a scale transformation by 1/c2 and a translation
by cµ/c2. An action that is invariant under translations,
scale transformations and SCTs, as we considered above,
must therefore also be invariant under the combination
of just an inversion and a reflection in the hyperplane
perpendicular to cˆ. Hence, if the action is invariant un-
der an inversion alone, it must also be invariant under
reflection in an arbitrary hyperplane, which provides a
covariant generalisation of the (one-dimensional) parity
and time-reversal transformations31.
III. PREVIOUS APPROACHES TO CONFORMAL
GAUGING
As noted in the Introduction, there are strong theoreti-
cal reasons to consider gauging the conformal group with
a view to constructing theories of the gravitational inter-
action that are invariant under local conformal transfor-
mations. Previous approaches have focussed on infinites-
imal transformations and hence considered gauging only
the elements of the conformal group that are connected
to the identity (namely translations, Lorentz rotations,
dilations and SCTs). This is achieved, in principle, by
allowing the 15 parameters of the group a, ω, ρ and c to
become independent arbitrary functions of position.
A. Gauging a spacetime symmetry group
Some early approaches32,33 to constructing a gauge
theory of a spacetime symmetry group G (in our case
the conformal group) encountered complications arising
from attempting to draw too close an analogy with the
gauge theories of internal symmetries34,35. In modern
terminology, the corresponding gauge fields (or Yang–
Mills potentials) were introducd as the components of a
connection on a principal fiber bundle with spacetime as
base space and G as fiber. If the whole of a spacetime
group G is gauged in the Yang–Mills sense, however, the
gauged ‘internal translations’ prevent the identification
of the translational gauge fields with a vierbein in the
geometric interpretation of the gauge theory.
It was the gauging of the Poincare´ group by Kibble36
that first revealed how to achieve a meaningful gauging
of groups that act on the points of spacetime as well as
on the components of physical fields. The essense of Kib-
ble’s approach was to note that when the parameters of
the Poincare´ group become independent arbitrary func-
tions of position, this leads to a complete decoupling of
the translational parts from the rest of the group, and the
former are then interpreted as arising from a general co-
ordinate transformation (GCT; or spacetime diffeomor-
phisms, if interpreted actively). Thus the action of the
gauged Poincare´ group is considered as a GCT xµ → x′µ,
together with the local action of its Lorentz subgroup H
on the orthonormal tetrad basis vectors eˆa(x) that define
local Lorentz reference frames, where we adopt the com-
mon convention that Latin indices (from the start of the
alphabet) refer to anholonomic local tetrad frames, while
Greek indices refer to holonomic coordinate frames. This
approach to gauging can be straightforwardly extended
to more general spacetime symmetry groups20,28,35,37.
The physical model envisaged in Kibble’s approach
is an underlying Minkowski spacetime in which a set
of matter fields ϕi is distributed continuously. The
field dynamics are described by a matter action SM =∫
LM(ϕi, ∂µϕi) d
4x that is invariant under the global ac-
tion of G. One then gauges the group G by demand-
ing that the matter action be invariant with respect to
(infinitesimal, passively interpreted) GCT and the local
action of the subgroup H, obtained by setting the trans-
lation parameters of G to zero (which leaves the origin
xµ = 0 invariant), and allowing the remaining group pa-
rameters to become independent arbitrary functions of
position. One is thus led to the introduction of new field
variables, which are interpreted as gravitational gauge
fields. These are used to assemble a covariant derivative
Daϕ that transforms in the same way under the action
of the gauged group G as ∂µϕ does under the global ac-
tion of G. The matter action in the presence of grav-
ity is then typically obtained by the minimal coupling
procedure of replacing partial derivatives in the special-
relativistic matter Lagrangian by covariant ones, to ob-
tain SM =
∫
h−1LM(ϕi,Daϕi) d4x , where the factor con-
taining h ≡ det(haµ) (here haµ is the translational gauge
8field) is required to make the integrand a scalar density
rather than a scalar.
In addition to the matter action, the total action must
also contain terms describing the dynamics of the free
gravitational gauge fields. Following the normal proce-
dure used in gauging internal symmetries, Kibble first
constructed covariant field strength tensors for the gauge
fields by commuting covariant derivatives, i.e. by con-
sidering [Da,Db]ϕ. The free gravitational action then
takes the form SG =
∫
h−1LG d
4x, where LG is some
Lagrangian that depends on the field strengths and is
such that SG is invariant under the action of the gauged
group G. The total action is taken as the sum of the mat-
ter and gravitational actions, and variation of the total
action with respect to the gauge fields leads to coupled
gravitational field equations.
Following Kibble’s work, several other approaches to
gauging a spacetime symmetry group have been pro-
posed, in which, for example, the transformations are
interpreted actively, or one considers finite rather than
infinitesimal transformations38–41, but in terms of the fi-
nal locally valid field equations that these formulations
reach, given an initial Lagrangian, they are equivalent to
Kibble’s original method.
Finally, it is worth noting that Kibble’s gauge approach
to gravitation is most naturally interpreted as a field the-
ory in Minkowski spacetime39,41, in the same way as the
gauge field theories describing the other fundamental in-
teractions, and this is the viewpoint that we shall adopt
in this paper. It is more common, however, to reinter-
pret the mathematical structure of such gauge theories
geometrically, where in particular the translational gauge
field ha
µ is considered as the components of a vierbein
system in a more general spacetime38. These issues are
discussed in more detail elsewhere20,28.
More recent approaches to gauging a spacetime sym-
metry group adopt the geometric interpretation whole-
heartedly, and are usually expressed in the language of
fiber bundles. In this view, it is clear from the discussion
above that only the subgroup H should act on the fibers,
not the whole of G (i.e. no ‘internal translation’). The
simplest and most natural translation of the scheme into
fiber bundle language consists of expressing the gauge
theory of a spacetime symmetry group G in terms of the
group manifold G; specifically, in terms of the principal
fiber bundle G(G/H,H), where the coset space G/H is
spacetime35,42.
Indeed, this viewpoint is embodied in the so-called
quotient manifold method43,44, which may be considered
as an inversion of Kibble’s approach, and is usually ex-
pressed in the language of differential forms as follows.
Consider some Lie group G possessing a Lie subgroup H.
The Maurer–Cartan structure equations for G read
dωA − fBCAωB ∧ ωC = 0, (34)
where fBC
A are the structure constants of the algebra of
the group G. These equations constitute an integrability
condition that give a 1-form ωA on G that carries the
basic infinitesimal information about the group’s struc-
ture. One may thus define the exponential map of the
corresponding Lie algebra and hence a local group ac-
tion. One then takes the quotient G/H, which is neces-
sarily a manifold M (usually interpreted as spacetime),
and the 1-forms provide its connection. The result is a
principal fiber bundle with local H symmetry and base
manifold M. This structure is then modified by gen-
eralizing the manifold, and by changing the connection.
Changing the manifold has no effect on the local struc-
ture, but changing the connection modifies the Maurer–
Cartan equations (to yield the Cartan equations), result-
ing in curvature 2-forms
RA = dωA − fBCAωB ∧ ωC . (35)
Two restrictions are placed on these curvatures14. First,
the curvatures must characterize the manifold only,
which requires them to be ‘horizontal’, i.e. bilinear in
the connections. Second, one requires integrability of the
Cartan equations, which leads to the Bianchi identities
satisfied by the curvatures.
Thus, once one has made the choice of G and H, this
approach determines: the physical arena M, the local
symmetry group H, the relevant field strength tensors
RA, and any structures inherited from G13. While other
structures may be imposed, such as additional (compen-
sator) scalar fields, it is usual to consider only those
arising directly from properties of the gauge group. To
complete a gravity theory, one finally constructs a lo-
cally H-invariant action from the available tensors RA,
together with the invariant metric ηab and Levi–Civita
tensor ǫabcd, and any desired matter fields. The remain-
ing, broken, group transformations of G are replaced by
diffeomorphisms on M. Each gauge field in the connec-
tion form ωA is then varied independently to find the
field equations. A key advantage of the approach is that
it keeps the curvatures and action expressed in terms of
the gauge fields, making the variation straightforward.
The quotient manifold method, although very power-
ful, may appear somewhat rarified to most physicists.
Fortunately, Kibble’s original approach may be used to
arrive at precisely the same gauge theories as those ob-
tained using the quotient manifold method, although this
is rarely demonstrated in the literature. We will therefore
primarily adopt Kibble’s approach below, since it is more
familiar to physicists. In particular, we will make use of it
to illustrate the stucture of ACGT in a transparent man-
ner, which can then be readily compared to our discus-
sion of eWGT in Section IVA. To facilitate this compari-
son further, we will also maintain the (more unorthodox)
viewpoint of the gauge fields as fields in Minkowski space-
time, without attaching any geometric interpretation to
them. Consequently, we will adopt a global Cartesian in-
ertial coordinate system xµ in our Minkowski spacetime,
which greatly simplifies calculations, but more general
coordinate systems may be straightforwardly accommo-
dated, if required20.
9B. Auxiliary conformal gauging
In the standard approach to gauging the conformal
group G = C(1, 3) (or, more precisely, the elements of
it that are connected to the identity), the subgroup H
is that obtained by setting the translation parameters
aµ = 0, which leaves the origin xµ = 0 invariant (i.e. the
little group), and has the 11 generators Σab, ∆ and κa
that satisfy the commutation relations (6).
Following Lord6,22,35, under the simultaneous action of
an infinitesimal GCT xµ → xµ + ξµ(x) and the infinites-
imal local action of H, by analogy with (10), the form
variation of a (primary) field is given by
δ0ϕ(x) = −ξµ(x)∂µϕ(x) + ε(x)ϕ(x), (36)
where ε(x) ≡ 12̟ab(x)Σab+̺(x)∆+ca(x)κa is an element
of the localised (little) subgroup H, and ̟ab(x), ̺(x),
ca(x) and ξµ(x) are now independent arbitrary functions
of position. Consequently, the transformation law of the
derivative ∂µϕ(x) is no longer given by (11).
The construction of a covariant derivative that trans-
forms like (11) under the gauged conformal group is typ-
ically achieved in two steps. First, one defines the ‘H-
covariant’ derivative
D¯µϕ(x) ≡ [∂µ + Γ¯µ(x)]ϕ(x), (37)
where Γ¯µ(x) is a linear combination of the generators of
H that depends on the gauge fields corresponding to local
Lorentz rotations, local dilations, and local special con-
formal transformations, respectively (the bars appearing
in these definitions are to distinguish the corresponding
quantities from others to be defined later). In the sec-
ond step, we define a ‘generalisedH-covariant’ derivative,
linearly related to D¯µϕ, by
D¯aϕ(x) ≡ haµ(x)D¯µϕ(x), (38)
where we have introduced the translational gauge field
ha
µ(x). It is assumed that ha
µ(x) has an inverse, usually
denoted by baµ(x), such that ha
µbaν = δ
µ
ν and ha
µbcµ =
δca (where, for brevity, we henceforth typically drop the
explicit x-dependence).
Under the action of an infinitesimal GCT x′µ = xµ+ξµ
and the infinitesimal local action of H, with the associ-
ated field transformation law (36), we require D¯aϕ to
have an analogous transformation law to (11), namely
δ0(D¯aϕ) = −ξµ∂µD¯aϕ+ ε D¯aϕ− (̟ba + ̺ δba)D¯bϕ
+2(cbΣba − ca∆)ϕ, (39)
but where ̟ab, ̺, ca and ξµ are independent arbitrary
functions of position. This requirement leads uniquely to
the transformation laws
δ0ha
µ = −ξν∂νhaµ + haν∂νξµ − (̟ba + ̺ δba)hbµ, (40a)
δ0Γ¯µ = −ξν∂νΓ¯µ − Γ¯ν∂µξν − ∂µε− [Γ¯µ, ε]
+2baµ(c
bΣba − ca∆). (40b)
One sees that ha
µ transforms as a GCT vector, a local
Lorentz four-vector, and has Weyl weight w = −1 under
local dilations (its inverse baµ transforms in an analogous
way, but has w = 1). Similarly, the quantity Γ¯µ trans-
forms as a covariant GCT vector, but the last term on
the RHS of (40b) shows that Γ¯µ is not the connection
for the gauge group H. Indeed, it was already apparent
from the corresponding final term in (39) that D¯aϕ is not
an H-covariant derivative in the usual sense; its transfor-
mation law is linear but inhomogeneous. As mentioned
earlier, this behaviour originates in the final term of the
transformation law (11) for ∂µϕ under the action of a
global conformal transformation, and can be traced to
the fact that translations do not form an invariant sub-
group of the conformal group (whereas they do for the
Weyl group, obtained by setting cµ = 0). Nonetheless,
since D¯aϕ was constructed to have an analogous transfor-
mation law to that of ∂µϕ in (11), one can still construct
a matter action that is fully invariant under the gauged
conformal group from one that is invariant under global
conformal transformations by employing the usual mini-
mal coupling procedure of replacing partial derivatives by
covariant ones to obtain SM =
∫
h−1LM(ϕi, D¯aϕi) d4x.
As discussed in Section II C, the set of fields ϕi may in-
clude a scalar compensator field (denoted also by φ).
It is usual to assume the linear combination Γ¯µ of the
generators of H to have the form
Γ¯µ ≡ 12AabµΣab +Bµ∆+ faµκa, (41)
where Aabµ(x), Bµ(x) and f
a
µ(x) are the gauge fields
corresponding to local Lorentz rotations, local dilations,
and local special conformal transformations, respectively.
It is worth pointing out that this assumed form for Γ¯µ
constitutes a choice of how to include the gauge fields,
and leads directly to their required transformation laws
δ0A
ab
µ = −ξν∂νAabµ −Aabν∂µξν − 2̟[acAb]cµ − ∂µ̟ab − 4b[aµcb], (42a)
δ0Bµ = −ξν∂νBµ −Bν∂µξν − ∂µ̺− 2baµca, (42b)
δ0f
a
µ = −ξν∂νfaµ − faν∂µξν − (̟ba + ̺ δab )f bµ − (∂µca −Bµca −Aabµcb), (42c)
which are obtained by substituting (41) into (40b) and equating coefficients of Σab, ∆ and κa, respectively.
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We note that if one sets ca = 0, the transformation
laws of ha
µ, Aabµ and Bµ in (40) and (42) are precisely
the infinitesimal versions (i.e. first-order in the group pa-
rameters) of those obtained for these gauge fields under
finite transformations in Weyl gauge theory (WGT)20. In
the case ca = 0, one also sees that faµ has similar trans-
formation properties to ha
µ in (40a), since it transforms
as a (covariant) GCT vector, a local Lorentz four-vector,
and has Weyl weight w = −1 under local dilations. In the
general case ca 6= 0, however, the transformation laws of
all the gauge fields Aabµ, Bµ and f
a
µ involve terms con-
taining ca. Indeed, these terms lead to the inclusion of
the (inverse) translational gauge field baµ in the transfor-
mation laws of Aabµ and Bµ, and also cause the trans-
formation law of faµ to depend on A
ab
µ and Bµ. Hence,
the action of (local) SCTs leads to considerable differ-
ences between the gauge theory of the conformal group
and those of its Weyl or Poincare´ subgroups.
The total action must also contain terms describing the
dynamics of the free gravitational gauge fields. These
terms are constructed from the gauge field strengths,
which are usually defined in terms of the commutator of
covariant derivatives. Considering first the H-covariant
derivative, one finds
[D¯µ, D¯ν ]ϕ = (
1
2R
ab
µνΣab +Hµν∆+ S
∗a
µνκa)ϕ, (43)
where we have defined the ‘H-rotational’, ‘H-dilational’
and the ‘H-special conformal’ field strength tensors, re-
spectively (the reason for notating the last of these with
an asterisk will become clear shortly). In terms of the
gauge fields Aabµ, Bµ and f
a
µ, the field strengths have
the forms
Rabµν≡ 2(∂[µAabν] + ηcdAac[µAdbν]), (44a)
Hµν≡ 2∂[µBν], (44b)
S∗aµν≡ 2(∂[µfaν]+Aac[µf cν]−B[µfaν])=2D∗[µfaν].(44c)
For the sake of brevity, in the final expression we have in-
troduced the derivative operator D∗µ ≡ ∂µ+ 12AabµΣab+
wBµ, familiar from WGT
20,28, where w is the Weyl
weight of the field on which it acts. All three field
strengths in (44) transform covariantly under GCT and
local Lorentz rotations in accordance with their respec-
tive index structures, and also under local dilations with
the Weyl weights w(Rabµν) = 0, w(Hµν ) = 0 and
w(S∗aµν) = −1, respectively, but none of them trans-
forms covariantly under local SCTs, as we discuss further
below.
Before doing so, however, we next consider the commu-
tator of two ‘generalised H-covariant’ derivatives. Since
D¯aϕ = haµD¯µϕ, this commutator differs from (43) by
an additional term containing the derivatives of ha
µ, and
reads
[D¯c, D¯d]ϕ = (12RabcdΣab+Hcd∆+S∗acdκa−T ∗acdD¯a)ϕ,
(45)
where Rabcd ≡ hcµhdνRabµν , Hcd = hcµhdνHµν and
S∗acd ≡ hcµhdνS∗aµν , and the ‘H-translational’ field
strength of the gauge field ha
µ is given by
T ∗acd ≡ hcµhdνT ∗aµν ≡ 2hcµhdνD∗[µbaν], (46)
which clearly has the same form as S∗acd, but with faµ
replaced by baµ. It is worth noting that Rabcd, Hcd and
T ∗acd have the same functional forms of the gauge fields
as the rotational, dilational and translational gauge field
strengths, respectively, in WGT20.
It is straightforward to show that Rabcd, Hcd, S∗acd
and T ∗acd are GCT scalars and transform covariantly
under local Lorentz rotations and under local dilations,
with weights w(Rabcd) = w(Hcd) = −2, w(S∗acd) = −3
and w(T ∗acd) = −1, respectively. As one might expect,
however, the transformation laws under local SCTs are
more complicated, and are given by
δ0Rabcd = 4c[aT ∗b]cd + 8δ[a[cD∗d]cb] (47a)
δ0Hcd = −2caT ∗acd + 4δa[cD∗d]ca (47b)
δ0S∗acd = −2cb(Rabcd + 8δ[a|[c hd]µf |b]µ)
+2ca(Hcd + 4f[c|µh|d]µ), (47c)
δ0T ∗acd = 0, (47d)
where the action of D∗a assumes that w(ca) = −1. Thus,
there is a ‘mixing’ of the transformation laws of the field
strengths, which arises from mixing of the transforma-
tion laws of the gauge fields themselves, as described
above. Moreover, one sees that the transformation laws
(47) also depend on the gauge fields directly, rather than
just through the field strengths. Indeed, it is only the
H-translational field strength T ∗acd that transforms co-
variantly (indeed, invariantly) under local SCTs.
The transformations laws (47) mean that the only com-
bination of terms containing field strengths that may
be included in the total Lagrangian to obtain an action
that is invariant under local conformal transformations is
φ2(β1T ∗abcT ∗abc+β2T ∗abcT ∗bac+β3T ∗aT ∗a), where the
βi are dimensionless parameters and φ is some (compen-
sator) scalar field with Weyl weight w(φ) = −1. This be-
haviour differs markedly from that encountered in WGT
or PGT, in which all the fields strengths transform co-
variantly under all the localised transformations. It is
therefore necessary to adapt Kibble’s approach slightly6,
as we now outline, to reduce the complications arising
from the gauging of SCTs.
The above complications arise, in part, from the fact
that the quantity Γ¯µ is not the connection for the gauge
group H, as is apparent from its transformation law
(40b). The nature of Γ¯µ can be better understood by con-
sidering a purely internal SO(2, 4) symmetry, to which
the conformal group C(1, 3) is isomorphic, with genera-
tors πa, Σab, ∆ and κa satisfying a set of commutation
rules analogous to (9), where πa is the translational gen-
erator. One then defines the quantity
Γ˜µ ≡ baµπa + Γ¯µ, (48)
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which transforms under the simultaneous local action of
H and a GCT as
δ0Γ˜µ = −ξν∂νΓ˜µ − Γ˜ν∂µξν − ∂µε− [Γ˜µ, ε], (49)
and is hence a connection for the group SO(2, 4). More-
over, the transformation laws for the two parts of Γ˜µ
correspond precisely those found in (40) (where we recall
that baµ is the inverse of ha
µ). Thus, baµ and Γ¯µ together
constitute a connection for the group SO(2, 4).
If one then defines the new ‘G-covariant’ derivative op-
erator D˜µ ≡ ∂µ + Γ˜µ, the resulting commutator reads
[D˜µ, D˜ν ]ϕ = (
1
2 R˜
ab
µνΣab+H˜µν∆+S
∗a
µνκa+T
∗a
µνπa)ϕ,
(50)
where the new rotational and dilational ‘G-covariant’ field
strengths are given in terms of those defined in (44) as
R˜ abµν = R
ab
µν + 8b
[a
[µf
b]
ν], (51a)
H˜µν = Hµν + 4b
a
[µ|fa|ν]. (51b)
One may define the corresponding GCT scalar field
strengths R˜abcd and H˜cd, in an analogous manner to that
used above. The resulting set of field strengths again
transform covariantly under local Lorentz rotations and
local dilations (with the same weights as given previ-
ously), but now transform under local SCTs as
δ0R˜abcd = 4c[aT ∗b]cd (52a)
δ0H˜cd = −2caT ∗acd (52b)
δ0S∗a cd = −2cbR˜abcd + 2caH˜cd, (52c)
δ0T ∗acd = 0. (52d)
Once again, there is ‘mixing’ between these transforma-
tion laws, although now they depend only on the field
strengths (and on the parameters of the local SCT, as
expected).
1. Auxiliary conformal gauge theory with non-zero torsion
Given the transformation laws (52), the most general,
parity-even free-gravitational action (containing no com-
pensator scalar fields) that is invariant under local con-
formal transformations is uniquely determined (up to an
overall multiple), and given by14
SG = α
∫
h−1(R˜abcdR˜abcd +4T ∗abcS∗abc +2H˜abH˜ab) d4x.
(53)
The phenomenology of the resulting gravity theory re-
mains to be fully explored, but one can show7 that the
gauge field faµ corresponding to local SCTs acts as an
auxiliary field (hence the name for this approach), since
its field equation may be used to eliminate it from the
action (53). Hence it appears that the symmetry re-
duces back to the local Weyl group. In principle, the to-
tal Lagrangian could again also include the combination
φ2(β1T ∗abcT ∗abc+β2T ∗abcT ∗bac+β3T ∗aT ∗a), where the
βi are dimensionless parameters and φ is some (compen-
sator) scalar field with Weyl weight w(φ) = −1, together
possibly with an additional kinetic term for φ, but these
additional terms appear not to have been considered pre-
viously.
2. Auxiliary conformal gauge theory with vanishing torsion
One sees from (52) that, since T ∗acd transforms co-
variantly under the full gauged conformal group, one can
consistently set it to zero, if desired. In this case, R˜abcd
and H˜cd then also become fully covariant, and so the
number of terms that may be included in a total action
that remains invariant under local conformal transforma-
tions is considerably increased. Moreover, the condition
T ∗acd = 0 can be used to eliminate the rotational gauge
field Aabµ by writing it in terms of the translational and
dilational gauge fields ha
µ and Bµ. This torsionless spe-
cial case of auxiliary conformal gauge theory has been
studied more extensively2,4. The only admissible La-
grangian term that is linear in the gauge field strengths
is φ2R˜, but it may be shown that variation of the re-
sulting action with respect to the gauge field faµ leads
to inconsistencies13. Attention has therefore focussed on
Lagrangians consisting of (arbitrary) linear combinations
of terms quadratic in the field strengths R˜abcd and H˜cd
and their contractions (and without compensator scalar
fields). It may be shown, however, that in every such
case, the gauge field faµ may again be eliminated from
the original action by its own field equation3–5,7, such
that the resulting action depends only on ha
µ and Bµ.
Indeed, every such action is found to be equivalent to7
SG =
∫
h−1(α0Cabcd0Cabcd + βHabHab) d4x, (54)
where 0Cabcd is the conformal tensor, defined by
0Cabcd = 0Rabcd − ηc[a0Rb]d + ηd[a0Rb]c + 13ηc[aηb]d0R,
(55)
in which 0Rabcd = 2hcµhdν(∂[µ0Aabν] + 0Aac[µ0Acbν]) is
the gauge theory equivalent of the Riemann tensor, obey-
ing all the usual symmetries and identities, and the quan-
tities 0Aabµ are the Ricci rotation coefficients
0Aabµ = ha
ν∂[µ|bb|ν] − hbν∂[µ|ba|ν] − bcµh[aλhb]ν∂λbcν ,
(56)
which depend entirely on the translational gauge field hµa
(and its inverse)20. Thus, with the elimination of faµ,
the symmetry appears once again to have reduced back
to the local Weyl group.
We conclude this section by noting that the auxiliary
conformal gauge theories that we have constructed us-
ing (a slight generalisation of) Kibble’s approach6 are
identical to those obtained using the quotient manifold
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method of gauging, in which the Lie group G is the con-
formal group (more precisely, the elements of it that
are connected to the identity) with the 15 generators
{Pa,Mab, D,Ka} given in (8), H is the inhomogeneous
Weyl group with 11 generators {Mab, D,Ka}, and the
quotient G/H is thus a homogeneous 4-dimensional man-
ifold M (interpreted as spacetime). In particular, this
approach leads to field strength tensors that agree pre-
cisely with those used to construct the action (53)4,7.
C. Ungauging the conformal group
According to Lord22, in order to justify that the local
action of the (little) subgroup H, together with general
diffeomorphisms (or GCT) onM, does indeed constitute
a true gauge theory of a spacetime group G, one must
show that the limiting case of ‘ungauged’ transformations
does in fact correspond to the correct global action of G
on M and on fields in M. Lord demonstrates that this
holds for the auxiliary conformal gauge theory (ACGT)
described above, and also for analogous gauge theories
based on the de Sitter group and (by Wigner–Inonii con-
traction of the de Sitter case) the Poincare´ group; the
‘ungauged’ limit of Poincare´ gauge theory is also consid-
ered by Hehl21.
The ‘ungauged’ limit corresponds to vanishing gauge
field strengths. For ACGT, one thus requires R˜abcd, H˜cd,
S∗a cd and T ∗acd to vanish. In this limit, the coordinate
system and H-gauge can be chosen such that
ha
µ(x) = δµa , A
ab
µ(x) = 0, Bµ(x) = 0, f
a
µ(x) = 0.
(57)
In this reference system, the first condition means that
the distinction between Latin and Greek indices is lost.
It is important, however, to retain this distinction (and
that between calligraphic and non-calligraphic quanti-
ties) when considering behaviour under any subsequent
GCT and H-gauge transformation.
From the transformation laws (40) and (42) of the
gauge fields, Lord notes simply that in order for any sub-
sequent GCT and H-gauge transformation to preserve
the relations (57), one requires
∂βξ
α = ̟αβ + ̺δ
α
β , (58a)
∂µ̟
αβ = 4c[αδβ]µ , (58b)
∂µ̺ = −2cµ, (58c)
∂µc
α = 0. (58d)
Successive integration of these equations (from the last
to the first) is straightforward and yields an expression
for ξα(x) of the form (3) for an infinitesimal global con-
formal transformation. Similarly, the transformation law
(36) reduces to that given in (10) for the action of an
infinitesimal global conformal transformation on a (pri-
mary) physical field. Hence, Lord concludes that ACGT
has the correct ‘ungauged’ limit.
It is not clear from Lord’s discussion, however, why the
‘ungauged’ limit should be derived by requiring that the
relations (57) be preserved. Although preserving these
relations ensures that the covariant derivative remains
equal to the simple partial derivative, it is certainly un-
necessary for the field strength tensors to remain zero,
to which the ‘ungauged’ limit corresponds. Indeed, since
these tensors are GCT scalars and transform covariantly
under local Lorentz rotations and local dilations, and ac-
cording to (52) under local SCTs, they will remain zero
under any subsequent GCT andH-gauge transformation,
which in general will not preserve the relations (57).
Moreover, as we now show, the final three relations
in (57) are superfluous for identifying global conformal
transformations as the ‘ungauged’ limit of ACGT. Re-
quiring only that the first relation in (57) be preserved
(which ensures the equivalence of Latin and Greek in-
dices before and after the transformation) leads imme-
diately to the first equation in (58), which is simply a
consequence of demanding that δ0ha
µ = 0. It is straight-
forward to show, however, that the first relation in (58)
is both a necessary and sufficient condition for ξα(x) to
satisfy the 4-dimensional conformal Killing equation in
Minkowski spacetime given in (2), from which it follows
that the most general solution for ξα(x) has the form (3)
of an infinitesimal global conformal transformation. The
remaining three conditions in (58) then follow automat-
ically, which in turn means that the final three relations
in (57) are also preserved. Thus, for ACGT, the require-
ment that these further relations be preserved is superflu-
ous, and the correct ‘ungauged’ limit can be identified by
requiring only that the first relation in (57) is preserved.
It is clear, however, that imposing this reduced require-
ment to other gauge theories will not in general isolate
the correct ‘ungauged’ limit. Consider WGT, for ex-
ample, for which G is the inhomogeneous Weyl group
and H is the homogeneous Weyl group. The structure
of WGT is easily obtained from that of ACGT by set-
ting ca ≡ 0 and faµ ≡ 0 throughout Section III B. The
transformation law (40a) for the translational gauge field
therefore holds unchanged in WGT. Thus, requiring only
the first relation in (57) to be preserved and following the
same argument as above leads to the erroneous conclu-
sion that the ‘ungauged’ limit of WGT also corresponds
to global conformal transformations, rather than global
Weyl transformations, for which cα = 0. This further
condition can be obtained only by requiring the relations
Aabµ = 0 and Bµ = 0 in (57) are also preserved (recall
that faµ ≡ 0 in WGT). That this does indeed lead to the
correct ‘ungauged’ limit of global Weyl transformations
can be seen immediately from the transformation laws
for Aabµ and Bµ in WGT, which are given by (42) with
ca = 0.
Given the lack of a clear rationale for identifying the
‘ungauged’ limit of a gravitational gauge theory by im-
posing Lord’s condition that (the appropriate subset of)
the relations (57) should be preserved, it is of interest to
investigate an alternative prescription. This may be mo-
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tivated most naturally by considering more closely the
identification of the ‘ungauged’ limit with the require-
ment that field strength tensors should vanish.
To this end, let us consider the ACGT covariant deriva-
tive of some matter field ϕ(x), which from (37), (38) and
(41) is given by
D¯cϕ = hcµ(∂µ + 12AabµΣab +Bµ∆+ faµκa)ϕ. (59)
It is clear that the dynamics of the matter field will be
sensitive to the translational gauge field hc
µ, irrespec-
tive of the nature of ϕ. This is not the case, however,
for the other gauge fields Aabµ, Bµ and f
a
µ. Depend-
ing on the nature of ϕ, the dynamics of the matter field
may be insensitive to one or more of these gauge fields.
To establish the ‘ungauged’ limit, one should therefore
consider the ‘subsidiary’ field strength tensors obtained
from R˜abcd, H˜cd, S∗a cd and T ∗acd by including only those
terms that depend on Aabµ, Bµ or f
a
µ, respectively (or,
equivalently, by setting the other gauge fields in each case
to be identically zero).
Thus, starting from the relations (57), one should de-
mand that under subsequent GCT and H-gauge trans-
formations that preserve the first relation (such that
δ0ha
µ = 0), all ‘subsidiary’ field strength tensors re-
main zero. Such tensors are still covariant under GCTs,
but (typically) not so under general H-gauge transfor-
mations, and hence will not automatically remain zero,
even if one starts from the set of relations (57). Thus, de-
manding that they do so can impose further constraints
on the allowed nature of the subsequent GCT and H-
gauge transformations, beyond the requirement imposed
by δ0ha
µ = 0 that the most general solution for ξα(x) is
the infinitesimal global conformal transformation (3).
A straightforward way of imposing this requirement is
to demand that, under subsequent GCT and H-gauge
transformations satisfying δ0ha
µ = 0, the change in each
‘full’ field strength R˜abcd, H˜cd, S∗a cd and T ∗acd aris-
ing from the change in each gauge field Aabµ, Bµ or
faµ should vanish separately. It is clear that the condi-
tion δ0ha
µ = 0 guarantees that the variation in the field
strength tensors vanishes if the variation in their non-
calligraphic counterparts does. The transformation laws
of the latter (assuming δ0ha
µ = 0) are given in terms of
the transformations of the other gauge fields by
δ0R˜
ab
µν = 2∂[µδ0A
ab
ν] + 8δ
[a
[µδ0f
b]
ν], (60a)
δ0H˜µν = 2∂[µδ0Bν] + 4ηa[µδ0f
a
ν], (60b)
δ0S
∗a
µν = 2∂[µδ0f
a
ν], (60c)
δ0T
∗a
µν = 2δ0A
a
b[µδ
b
ν] + 2δ0B[µδ
a
ν]. (60d)
We thus require that each term on the RHS of these
equations should vanish separately. From the transfor-
mation laws (42) of these gauge fields, this requirement
is satisfied only if δ0A
ab
µ, δ0Bµ and δ0f
a
ν each vanish.
This is, however, equivalent merely to the final three re-
lations in (57) being preserved, which follows automati-
cally from our initial requirement that the first relation
in (57) is preserved. Thus, no further conditions apply
and one correctly deduces that the most general solu-
tion for ξα(x) has the form (3) of an infinitesimal global
conformal transformation.
Let us now repeat the above process for WGT. In this
case, the field strengths are Rabcd, Hcd and T ∗acd, where
the first two may be obtained from their counterparts in
ACGT by setting faµ ≡ 0, as is clear from (51). Thus,
if one again starts from the conditions (57) (again recall-
ing that faµ ≡ 0 in WGT) and demands only that the
first condition is preserved under subsequent GCT and
H-gauge transformations, the transformation laws of the
WGT field strengths are given in terms of the transfor-
mations of the WGT gauge fields Aabµ and Bµ by the
corresponding expressions in (60) with δ0f
a
µ ≡ 0. From
the transformation laws of the WGT gauge fields Aabµ
and Bµ, which may be obtained from (42) by setting
ca ≡ 0, one may show that our additional requirement
is satisfied only if δ0A
ab
µ and δ0Bµ each vanish. These
further conditions correspond to the second and third re-
lations in (57) being preserved, which in turn requires
ca = 0. Thus, one correctly deduces that the most gen-
eral solution for ξα(x) has the form of a global Weyl
transformation.
Finally, it is a simple matter to verify that an analo-
gous procedure applied to PGT leads to the correct iden-
tification of the corresponding ‘ungauged’ limit as global
Poincare´ transformations. Indeed, for PGT, WGT and
ACGT, this procedure is found to be equivalent to requir-
ing that (the appropriate subset of) the relations (57) are
preserved, as Lord originally suggested. As we will see
in Section IVD, however, these two approaches are not
always equivalent.
D. Biconformal gauging
Before moving on to discuss our new approach for
gauging the conformal group in Section IV, we conclude
this section with a brief discussion of an existing alterna-
tive scheme, known as biconformal gauging, which leads
to a very different conformal gauge theory to ACGT, with
several interesting properties.
As discussed in Section III B, in the standard approach
to gauging the conformal group, one may eliminate the
gauge field faµ corresponding to local SCTs, which im-
plies that the symmetry has reduced back to the local
Weyl group. As pointed out by Wheeler7, however, this
reduction is rather curious, since in addition to the elim-
ination of faµ, the symmetry between the generators Pa
andKa in the Lie algebra of the conformal group has also
been lost. Indeed, the elimination of faµ occurs because
one chooses to identify the translational gauge field ha
µ
with the vierbein (at least in the geometrical interpreta-
tion), as is done in PGT. In gauging the conformal group,
however, one can make the alternative choice of identify-
ing the SCT gauge field faµ with the vierbein, in which
case the translational gauge field ha
µ may be eliminated
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instead. Thus, in the case of the conformal group, there
is an additional symmetry between the two generators
Pa and Ka, which is broken by one’s (arbitrary) choice
for identifying the vierbein.
An alternative approach to gauging the conformal
group, which preserves the symmetry between Pa andKa
by construction, is the so-called biconformal gauging8,9.
Expressed in terms of the quotient manifold method, in
biconformal gauging the Lie group G is again the con-
formal group (only the elements connected to the iden-
tity) with the 15 generators {Pa,Mab, D,Ka}, but the
Lie subgroup H is now the homogeneous Weyl group
with the 7 generators {Mab, D}. The resulting quotient
G/H is thus an 8-dimensional manifold, called bicon-
formal space, which has a number of very interesting
properties10–12,15, as we now briefly describe.
Biconformal space is spanned by the basis 1-forms ha
and fa, derived from the translations and special confor-
mal transformations, respectively. If the dilational cur-
vature vanishes, then the non-degenerate 2-form ha ∧ fa
is also closed (i.e. an exact differential), and hence sym-
plectic. Moreover, the Killing metric is non-degenerate
when restricted to the base manifold, so that the group
structure determines a metric, rather than imposing one
by hand. If the basis 1-forms ha and f
a are separately
in involution and orthogonal, then biconformal space can
be considered as a form of relativistic phase space, con-
sisting of separate configuration and momentum metric
submanifolds. Moreover, the signatures of these subman-
ifolds are severely limited and, in particular, the notion
of time emerges naturally, since the configuration space
must be Lorentzian and is therefore interpreted as space-
time. It is usually argued that the full biconformal space
should be interpreted as representing ‘the world’, since
both classical and quantum mechanics take their most el-
egant forms in phase space and, moreover, a phase space
is required to formulate the uncertainty principle.
To define a dynamical theory, one writes down an ac-
tion on the full biconformal space. Its symplectic struc-
ture means that the volume element is dimensionless, and
so an action linear in the curvatures can be conformally
invariant, without introducing any additional (compen-
sating) fields. If one assumes the torsion to vanish and
the momentum subspace is flat, the theory reduces to
general relativity on the spacetime tangent bundle.
It is clear that biconformal gauge theory (BCGT) has
some very interesting properties and is worthy of contin-
ued investigation, but we will not pursue it further here.
IV. NEW APPROACH TO CONFORMAL GAUGING
In an earlier paper20, we introduced a novel alternative
to standard Weyl gauge theory, in which we proposed an
‘extended’ form for the transformation law of the rota-
tional gauge field under finite local dilations, given by
A′abµ = A
ab
µ + θ(b
a
µQb − bbµQa), (61)
where Qa ≡ haµQµ, Qµ ≡ ∂µ̺, and θ is an arbitrary pa-
rameter that can take any value. We noted further there
that this extended transformation law implements Weyl
scaling in a novel way that may be related to gauging of
the full conformal group. We now discuss this issue in
more detail.
The proposal (61) was motivated by the observation
that the WGT (and PGT) matter actions for the mass-
less Dirac field and the electromagnetic field are invariant
under local dilations even if one assumes this ‘extended’
transformation law for the rotational gauge field, which
includes its ‘normal’ transformation law in WGT as the
special case θ = 0. Moreover, under a global scale trans-
formation, the two transformation laws clearly coincide.
A complementary motivation for introducing the ex-
tended transformation law (61) is that under local dila-
tions it places the transformation properties of the PGT
rotational gauge field strength (or ‘curvature’) Rabcd and
translational gauge field strength (or ‘torsion’) T abc on
a more equal footing with one another than is the case
under the standard WGT transformation law with θ = 0.
Indeed, assuming the extended transformation law, they
transform under local dilations as
R′abcd = e−2̺{Rabcd + 2θδ[ad (Dc − θQc)Qb] − 2θδ[ac (Dd − θQd)Qb] − 2θQ[aT b]cd − 2θ2δ[ac δb]d QeQe}, (62a)
T ′abc = e−̺{T abc + 2(1− θ)Q[bδac]}. (62b)
Thus, for general values of θ, neither Rabcd nor T abc
transforms covariantly. For θ = 0, however, one recov-
ers the ‘normal’ transformation law for the A-field, such
that Rabcd transforms covariantly under local dilations,
but T abc transforms inhomogeneously. By contrast, for
θ = 1 one obtains a covariant transformation law for
T abc, but an inhomogeneous one forRabcd. The extended
A-field transformation law (61) accommodates these ex-
treme cases in a balanced manner.
We therefore developed our so-called ‘extended’ Weyl
gauge theory (eWGT), which is based on the construc-
tion of a new form of covariant derivativeD†aϕ that trans-
forms in the same way under local Weyl transformations
as ∂µϕ does under the global Weyl transformations, but
where the rotational gauge field introduced is assumed
to transform under local dilations as (61). The resulting
theory has a number of interesting features, which we
summarise briefly below.
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A. Extended Weyl gauge theory (eWGT)
In eWGT, the spacetime group G under consideration
is the inhomogeneous Weyl group and its subgroup H
is the homogeneous Weyl group, as in standard WGT.
It is also assumed that any physical (matter) fields ϕ(x)
belong to an irreducible representation of the Lorentz
group (as is usually the case in physical theories). Con-
sequently, as discussed in Sections IIA and II B, the gen-
erator of dilations takes the simple form ∆ = wI, where
w is the Weyl weight of ϕ. Adopting Kibble’s general
methodology, the gauged action of G on such a field is
considered as a GCT xµ → x′µ, together with the local
action of H, such that (in finite form) one obtains a local
version of (19), namely
ϕ′(x′) = ew̺(x)S(ω(x))ϕ(x). (63)
1. Covariant derivative
Following the usual approach, the construction of the
covariant derivative in eWGT is achieved in two steps.
First, one defines the ‘H-covariant’ derivative
D†µϕ(x) ≡ [∂µ + Γ†µ(x)]ϕ(x), (64)
where Γ†µ(x) is a linear combination of the generators of
H that depends on the gauge fields. Second, one con-
structs the ‘generalised H-covariant’ derivative, linearly
related to D†µϕ by
D†aϕ(x) ≡ haµ(x)D†µϕ(x), (65)
where ha
µ(x) is the translational gauge field, again as-
sumed to have the inverse baµ(x).
In eWGT, however, one does not adopt the standard
approach of introducing each gauge field in Γ†µ(x) as the
linear coefficient of the corresponding generator, such as
in (41), since this would lead directly to the standard
WGT transformation laws for the rotational and dila-
tional gauge fields (given in infinitesimal form by the first
two relations in (42) with ca ≡ 0). Rather, in order to
accommodate our proposed extended transformation law
(61) under local dilations, one is led to introduce the ‘ro-
tational’ gauge field Aabµ(x) and the ‘dilational’ gauge
field45 Bµ(x) in a very different way, so that
Γ†µ = A
†ab
µΣab + (Bµ − 13Tµ)∆, (66)
in which Tµ = b
a
µTa, where Ta ≡ T bab is the trace of
the PGT torsion, and we have introduced the modified
A-field
A†abµ ≡ Aabµ + (baµBb − bbµBa), (67)
where Ba = haµBµ. It is worth noting that A†abµ is
not considered to be a fundamental field, but merely a
shorthand for the above combination of the gauge fields
ha
µ (or its inverse), Aabµ and Bµ. Similarly, Tµ is merely
a shorthand for the corresponding function of the gauge
fields ha
µ (or its inverse) and Aabµ.
It is straightforward to show that, if ϕ has Weyl weight
w, then (65) does indeed transform covariantly with Weyl
weight w−1, as required, under the gauged (finite) action
of G, such that
D†′a ϕ′(x′) = e(w−1)̺(x)Λab(x)S(ω(x))D†bϕ(x), (68)
if the gauge fields transform according to46
h′a
µ
(x′) = Xµν e
−̺(x)Λa
b(x)hb
ν(x), (69a)
A′abµ(x
′) = Xµ
ν [Λac(x)Λ
b
d(x)A
cd
ν(x) + Λ
[a
c(x)∂νΛ
b]c(x) + 2θb[aν(x)Qb](x)], (69b)
B′µ(x
′) = Xµ
ν [Bν(x)− θQν(x)], (69c)
where Xµν ≡ ∂x′µ/∂xν are the elements of the GCT
transformation matrix and Xµ
ν ≡ ∂xν/∂x′µ are the el-
ements of its inverse. Hence, we have achieved our goal
of accommodating the A-field transformation (61) under
local dilations, while recovering the full transformation
law in WGT for the special case θ = 0. By contrast,
the transformation law for Bµ reduces to that in WGT
for the special case θ = 1. Unlike the transformation
laws for Aabµ and Bµ, the covariant derivative (65) does
not explicitly contain the parameter θ. Consequently, it
does not reduce to the standard WGT covariant deriva-
tive D∗µϕ in either special case θ = 0 or θ = 1, while
retaining the transformation law (68) for any value of θ.
It is clear that the structure of the ‘connection’ Γ† in
(66) is very different to that normal adopted, such as (41)
in ACGT. In particular, whereas each generator in (41) is
multiplied purely by the corresponding gauge field, each
generator in (66) is multiplied by a (non-linear) function
of all the gauge fields, including the translational gauge
field ha
µ (or its inverse), which is completely absent from
(41). This results in eWGT having a fundamentally dif-
ferent structure to standard gauge theories. In particu-
lar, the eWGT field strengths depend very differently on
the gauge fields from their counterparts in other gauge
theories, as we now describe.
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2. Field strengths
The eWGT gauge field strengths are defined in the
usual way in terms of the commutator of the covari-
ant derivatives. Considering first the eWGT H-covariant
derivative, one finds that
[D†µ, D
†
ν ]ϕ = (
1
2R
†ab
µνΣab +H
†
µν∆)ϕ, (70)
which is of an analogous form to the corresponding result
in WGT (which may be obtained from (43) by setting
faµ = 0 and hence S
∗a
µν = 0), but the eWGT field
strengths have very different dependencies on the gauge
fields. In particular, one finds
R†abµν ≡ 2(∂[µA†abν] + ηcdA†ac[µA†dbν]),
H†µν ≡ 2∂[µ(Bν] − 13Tν]), (71)
both of which transform covariantly under GCT and lo-
cal Lorentz rotations in accordance with their respective
index structures, and are invariant under local dilations.
Considering next the commutator of two ‘generalised
H-covariant’ derivatives, one finds
[D†c ,D†d]ϕ = (12R†abcdΣab +H†cd∆− T †acdD†a)ϕ, (72)
where R†abcd = hcµhdνR†abµν and H†cd = hcµhdνH†µν ,
and the translational field strength is given by
T †abc ≡ hbµhcνT †aµν ≡ 2hbµhcνD†[µbaν]. (73)
We note thatR†abcd and T †abc are given in terms of their
counterparts Rabcd and T abc in PGT by
R†abcd =Rabcd+4δ[b[c(Dd]−Bd])Ba]−2B2δ[ac δ
b]
d −2B[aT b]cd,
T †abc = T abc + 23δa[bTc], (74)
where B2 ≡ BaBa and for brevity we have introduced the
derivative operator Da ≡ haµDµ ≡ haµ(∂µ + 12AabµΣab)
familiar from PGT. It is particularly important to note
that the trace of the eWGT torsion vanishes identically,
namely T †b ≡ T †aba = 0, so that T †abc is completely
trace-free (contraction on any pair of indices yields zero).
R†abcd,H†cd and T †acd are GCT scalars and transform co-
variantly under local Lorentz transformations and under
local dilations with weights w(R†abcd) = w(H†cd) = −2
and w(T †acd) = −1 respectively.
3. Action
As in other gravitational gauge theories, the total ac-
tion in eWGT consists typically of kinetic terms for any
matter field(s) ϕ, terms describing the coupling of the
matter field(s) to the gravitational gauge fields (and pos-
sibly to each other), and (kinetic) terms describing the
dynamics of the free gravitational gauge fields.
Since D†aϕ is constructed to have an analogous trans-
formation law under extended local Weyl transformations
to that of ∂µϕ under global Weyl transformations, one
may immediately construct a matter action that is fully
invariant under the extended gauged Weyl group from
one that is invariant under global Weyl transformations
by employing the usual minimal coupling procedure of re-
placing partial derivatives by covariant ones to obtain47
SM =
∫
h−1LM(ϕi,D†aϕi) d4x. (75)
As mentioned previously, the set of fields ϕi may already
include a scalar compensator field (denoted also by φ)
with Weyl weight w = −1, for example in a Yukawa
coupling term of the form µφψ¯ψ with a massless Dirac
field ψ (since this allows for the Dirac field to acquire
a mass dynamically upon adopting the Einstein gauge
φ = φ0)
20, together perhaps with kinetic and quartic
potential terms for φ of the form νD†aφD†aφ−λφ4 (where
µ, ν and λ are dimensionless parameters).
The terms in the total action that describe the dy-
namics of the free gravitational gauge fields are con-
structed from the gauge field strengths. In contrast to
ACGT, the eWGT field strengths all transform covari-
antly under the full group of localised transformations,
and so may be used straightforwardly to construct the
free-gravitational action. The requirement of local scale
invariance requires the free-gravitational Lagrangian LG
to be a relative scalar with Weyl weight w(LG) = −4,
which may therefore contain an arbitrary linear combi-
nation LR†2 of the six distinct terms quadratic in R†abcd
and its contractions, and a term LH†2 ∝ H†abH†ab. In
principle, one could also include quartic terms in T †abc
(which has no non-trivial contractions, unlike its coun-
terparts in PGT, WGT and ACGT), or cross-terms such
as R†[ab]H†ab, but these are not usually considered. Thus,
one typically has
SG =
∫
h−1(LR†2 + LH†2) d
4x, (76)
where any parameters in the action are dimensionless.
In particular, LG cannot contain the linear Einstein–
Hilbert analogue term LR† ≡ − 12aR† (where R† ≡
R†abab and the factor of −1/2 is conventional) or LT †2 ≡
β1T †abcT †abc + β2T †abcT †bac. Nonetheless, such terms can
be included in the total Lagrangian if they are multiplied
by a compensator scalar field term φ2. Such combina-
tions are therefore usually considered not to belong to
the free gravitational Lagrangian and are instead added
to the matter Lagrangian LM
48. Thus, the matter La-
grangian may have an extended form, including all inter-
actions of the matter fields with the gravitational gauge
fields, which is given by LM+ ≡ LM + φ2(LR† + LT †2)
(in which the parameters a, βi are again dimensionless),
such that the corresponding action has the functional de-
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pendencies
SM =
∫
h−1LM+(ϕi,D†aϕi,R†, T †abc) d4x, (77)
where the set of fields ϕi includes the scalar compensator.
In any case, it is only the form of the total Lagrangian
LT = LM+ + LG that is relevant for the field equations.
Finally, it is worth noting that terms containing co-
variant derivatives of (contracted) field strengths, such
as D†aD†bR†ab or D†aD†aR†, are of Weyl weight w = −4
and so can, in principle, be included in LG
7. In eWGT,
however, such terms contribute only surface terms to the
action, as a consequence of the trace T †a of the eWGT
torsion vanishing identically. Thus, such terms have no
effect on the resulting field equations, and so may omit-
ted (at least classically); this is not true in general for
other gauges theories, such as PGT, WGT and ACGT.
4. Field equations
The eWGT field equations are obtained by varying the
total action ST with respect to the gravitational gauge
fields ha
µ, Aabµ and Bµ, together with the matter fields
ϕi (which may include a scalar compensator field φ).
Defining49 τaµ ≡ δLT/δhaµ, σabµ ≡ 2δLT/δAabµ and
ζµ ≡ δLT/δBµ, where LT ≡ h−1LT, the set of gravi-
tational field equations are most naturally expressed in
terms of their counterparts carrying only Latin indices
τab ≡ τaµhbµ, σabc ≡ σabµbcµ and ζa ≡ ζµbaµ, as
τab = 0, (78a)
σab
c = 0, (78b)
ζa = 0. (78c)
The quantities τab, σab
c and ζa are clearly scalars un-
der GCT, and it is straightforward to show that each
of them also transforms covariantly under local Lorentz
rotations and local dilations, as expected, with Weyl
weights w = 0, w = 1 and w = 1 respectively. More-
over, with one exception, these transformation properties
also hold for the corresponding quantities obtained from
any subset of the terms in LT that transforms covariantly
with weight w = −4 under local Lorentz rotations and
local dilations (for example, LM, LM+ or LG separately).
The exception relates to quantities corresponding to τab,
which transform covariantly under local dilations only if
one considers all the terms in LT, and then only by virtue
of the A-field equation (78b). This unusual feature is a
result of the extended transformation law (61) for Aabµ
containing one of the other gauge fields, namely baµ, and
leads one to introduce the related quantities
τ†ab ≡ τab − σcbaBc − σcacBb. (79)
These do transform covariantly when one considers only
some subset of the terms in LT that themselves transform
covariantly and with weight w = −4 under local Lorentz
rotations and local dilations. It is therefore more conve-
nient to replace (78a) with the alternative field equation
τ†ab = 0. (80)
Indeed, this field equation emerges naturally if one
adopts an alternative variational principle, in which Aabµ
is replaced by A†abµ in the set of field variables; this
approach also considerably shortens the calculations in-
volved in deriving all the gravitational field equations.
Another unusual feature of the eWGT field equations,
which also emerges most naturally from the alternative
variational principle, is that for any total Lagrangian
LT in which the gravitational gauge fields appear only
through eWGT covariant derivatives or field strengths
(which is usually the case), one may show that
ζa ≡ σbab. (81)
Consequently, in this generic case, the B-field equation
(78c) is no longer independent, but merely the relevant
contraction of the A-field equation (78b). Moreover, the
relation (81) also holds for the corresponding quanti-
ties obtained from any subset of the terms in LT that
transforms covariantly with weight w = −4 under local
Lorentz rotations and local dilations.
Finally, the remaining (matter) field equations are ob-
tained by varying ST with respect to the fields ϕi (which
may include a scalar compensator field φ). In the (usual)
case in which LT is a function of the matter fields only
through ϕi and D†aϕi, these may be shown to have the
simple (and manifestly covariant) forms
∂¯LT
∂ϕi
−D†a
(
∂LT
∂(D†aϕi)
)
= 0, (82)
where ∂¯LT/∂ϕi ≡ [∂LT(ϕi,D†au)/∂ϕi]u=ϕi , so that ϕi
and D†aϕi are treated as independent variables.
5. Conservation laws
Invariance of ST under (infinitesimal) GCTs, local
Lorentz rotations and extended local dilations, respec-
tively, lead to conservations laws of the general form
(B12), as discussed in Appendix B 2. These can be writ-
ten in the following manifestly covariant form:
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D†c(hτ†cd) + h(τ†cbT †bcd − 12σabcR†abcd − ζ†cHcd) +
δLT
δϕi
D†dϕi = 0, (83a)
D†c(hσabc) + 2hτ†[ab] +
δLT
δϕi
Σabϕi = 0, (83b)
hτ†cc − δLT
δϕi
wiϕi = 0, (83c)
D†c(hζ†c) = 0, (83d)
where we have defined the quantities ζ†a ≡ ζa−σbab and
Hab = 2haµhbν∂[µBν], which are both easily verified to
be GCT scalars and to transform covariantly under local
Lorentz rotations and local dilations.
These conservation equations have a very different
form to those in WGT. In particular, invariance of ST
under local dilations leads to both of the last two conser-
vation laws. The third conservation law (83c) is unusual
in being an algebraic condition on the trace τ†aa in terms
of the field equations of the matter fields ϕi. Indeed, as-
suming the field equations of all non-compensator mat-
ter fields to hold, one thus finds that the field equation
for the scalar compensator field φ is no longer indepen-
dent, but simply related to the trace of the (alternative)
h-field equation (80). Also, as mentioned above, for the
usual forms of ST, the condition (81) holds, in which case
ζ†a ≡ 0 and so the first conservation law (83a) is simpli-
fied and the the final one (83d) is satisfied identically.
Finally, it is worth noting that the conservation laws
(83) also hold for corresponding quantities obtained from
any subset of terms in LT that is covariant under local
Lorentz transformations and under local dilations with
weight w = −4 (e.g. LM, LM+ or LG separately).
B. Finite local conformal invariance
As we noted in Sections IIA and II B, for physical
fields ϕi(x) that belong to irreducible representations of
the Lorentz group, as is assumed in eWGT, the action
(both infinitesimal and finite) of a general element of
the conformal group that is connected to the identity
corresponds to a combination of a translation, (proper)
Lorentz rotation and dilation; in particular, a SCT corre-
sponds merely to a Lorentz rotation and dilation that de-
pend on spacetime position x in a prescribed way. Since
translations, (proper) Lorentz rotations and dilations are
already gauged in eWGT (and WGT), then so too are
SCTs and hence any element of the conformal group that
is connected to the identity.
As discussed in Section II B, however, the full con-
formal group also includes the inversion operation (13),
which is finite and discrete, and hence not connected to
the identity. Moreover, it is worth recalling that a SCT
is merely the composition of an inversion, a translation
and a second inversion. In Section II B, we demonstrated
that an inversion, together with its action on physical
fields that belong to an irreducible representation of the
Lorentz group, consists of the composition of a dilation
1/x2 and a reflection Iµν(xˆ) in the hyperplane perpendic-
ular to xˆ, both of which are clearly position dependent
in a prescribed way. In particular, under an inversion,
physical fields are acted upon by Iµν(xˆ) for each tensor
index and by γ · xˆ for each 4-spinor index.
Since dilations are already gauged in eWGT (and
WGT), the only new operation to consider is the reflec-
tion. To our knowledge, the gauging of reflections has
not been addressed previously, but the most natural ap-
proach is to generalise the reflection in the hyperplane
perpendicular to xˆ at each point to a reflection in the
hyperplane perpendicular to some unit vector nˆ(x) that
can vary arbitrarily with spacetime position x. As usual,
this gauged transformation should be completely decou-
pled from GCTs, and so we denote the reflection matrix
at each spacetime point by Iab(nˆ(x)), which operates on
each Latin tensor index carried by a field (or, equiva-
lently, γ · nˆ(x) for each spinor index).
From the discussion in Section II B, however, Iab(nˆ(x))
corresponds to a finite improper Lorentz transformation
matrix at each spacetime point. Thus eWGT already
accommodates gauged reflections, without the need to
introduce any more gauge fields, provided that each oc-
currence of the proper Lorentz transformation matrix
Λab(x) in the finite transformation laws (68) and (69)
for the covariant derivative and the existing gauge fields,
respectively, is extended to denote a general transforma-
tion matrix of the full Lorentz group (which consists of
proper Lorentz rotations and spacetime reflections) and,
in particular, is given by Iab(nˆ(x)) under gauged reflec-
tions. Indeed, the same holds true for WGT, for which
the finite transformation laws of the gauge fields are given
by (69), with θ = 0 in (69b) and θ = 1 in (69c).
Thus, provided all matter fields ϕi(x) are assumed to
belong to irreducible representations of the Lorentz group
and with the above modest extension to the transfor-
mation laws of the gauge fields, both WGT and eWGT
accommodate all the gauged symmetries of the full con-
formal group, such that actions constructed in the usual
way in each theory are invariant under (finite) local con-
formal transformations. As we now demonstrate below,
however, WGT cannot be considered as a true gauge the-
ory of the conformal group in the usual sense, whereas
eWGT can be interpreted as such.
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C. Local conformal conservation laws
As discussed in Section II C, if one considers a field the-
ory in Minkowski spacetime that describes the dynamics
of a set of fields ϕi(x) that belong to irreducible repre-
sentations of the Lorentz group, then for the action (24)
to be invariant under global conformal transformations
(that are connected to the identity), one requires the first
three conservation laws in (29) to hold ‘on-shell’ (which
together ensure Poincare´ and scale invariance) and the
field virial (30) to vanish (which ensures the additional
invariance under SCTs), up to a total divergence.
We now consider in more detail the forms of the con-
servation laws in WGT and eWGT, both of which we
have just demonstrated have actions that are invariant
under local conformal transformations. As we will see,
eWGT has very different conservation laws to WGT,
which arises primarily from the unconventional form of
the eWGT covariant derivative as compared with other
gravitational gauge theories.
1. WGT
Let us first consider a matter action in WGT
containing all the terms in the total action except
those that depend only on the gauge fields and their
derivatives. This typically has the form SM =∫
h−1LM+(ϕi,D∗aϕi,R, T ∗abc) d4x, by analogy with our
discussion leading to (77) in the context of eWGT. As-
suming that the matter equations of motion are satis-
fied (including that of the compensator field), such that
δLM+/δϕi = 0, invariance of SM under local Weyl trans-
formations leads to three conservation laws of the general
form (B12), which can be written as the manifestly co-
variant conditions20
(D∗c + T ∗c )(hτcd) + h(τcbT ∗bcd − 12σabcRabcd − ζcHcd) = 0, (84a)
(D∗c + T ∗c )(hσabc) + 2hτ[ab] = 0, (84b)
(D∗c + T ∗c )(hζc)− hτcc = 0, (84c)
where τaµ ≡ δLM+/δhaµ, σabµ ≡ 2δLM+/δAabµ and
ζµ ≡ δLM+/δBµ (in which LM+ ≡ h−1LM+), and their
counterparts carrying only Latin indices τab ≡ τaµhbµ,
σab
c ≡ σabµbcµ and ζa ≡ ζµbaµ are most naturally con-
sidered as the (total) dynamical energy-momentum, spin-
angular-momentum and dilation current, respectively, of
the matter fields. The above conservation laws are clearly
invariant under GCTs and transform covariantly under
the local action of the subgroup H of homogeneous Weyl
transformations, as expected.
The conservation laws (84) provide a natural gener-
alisation for localised Weyl transformations of the first
three conservation laws in (29). There is not, however,
any further conservation law corresponding to the gener-
alisation of the condition that the field virial (30) should
vanish up to a total divergence, which was necessary to
ensure that the original action (24) be invariant under
SCTs, in addition to global Weyl transformations, and
hence invariant under global conformal transformations
(connected to the identity). The absence of such a fur-
ther conservation law in WGT demonstrates that it does
not constitute a gauge theory of the conformal group in
the usual sense.
One should note, however, that the quantities in (84)
are dynamical currents, whereas those in (29) are canon-
ical. It is therefore of interest to compare the forms
of these two types of current. This comparison is fa-
cilitated by first separating the contributions to the dy-
namical matter currents resulting from each of the terms
in LM+ ≡ LM + φ2LR + φ2LT ∗2 , which we denote by
τab = (τM)
a
b + (τR)
a
b + (τT 2)
a
b, and similarly for σab
c
and ζa. We then introduce the following covariant canon-
ical currents of the matter fields28
t∗ab ≡ ∂LM
∂(D∗aϕi)
D∗bϕi − δabLM, (85a)
s∗cab ≡ ∂LM
∂(D∗cϕi)
Σabϕi, (85b)
j∗a ≡ ∂LM
∂(D∗aϕi)
wiϕi, (85c)
which provide a natural generalisation of the standard
canonical currents tµa, s
µ
αβ and j
µ in (27) and (28).
By considering the form of the WGT covariant deriva-
tive D∗aϕi, one may show directly that the covariant
canonical currents and the dynamical currents derived
from LM alone are essentially equivalent in WGT, since
h(τM)
a
b ≡ t∗ab, h(σM)abc ≡ s∗cab and h(ζM)a ≡ j∗a.
These equivalences may also be derived by demanding
the coincidence of the currents Jµ and Sµ derived from
LM, which are discussed in Appendix B 2.
2. eWGT
Let us now repeat the above analysis for a matter ac-
tion of the form SM =
∫
h−1LM+(ϕi,D†aϕi,R†, T †abc) d4x
in eWGT, as given in (77). In this case, from the combi-
nation of (81) and (83) (applied only to SM and assuming
all the matter equations of motion to hold), one instead
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obtains the conditions
D†c(hτ†cd) + h(τ†cbT †bcd − 12σabcR†abcd) = 0, (86a)
D†c(hσabc) + 2hτ†[ab] = 0, (86b)
hτ†cc = 0, (86c)
h(ζa − σbab) = 0, (86d)
where τ†ab is defined in (79). The conditions (86) have
a somewhat different form from their WGT counterparts
in (84). In particular, (86c) shows that the trace of the
modified dynamical energy-momentum tensor vanishes.
This is reminiscent of the vanishing trace of the improved
energy-momentum tensor (32), which encodes the invari-
ance of theories under global scale transformations. In
(86), however, one has not used the Belinfante procedure
to combine the translational and rotational currents, but
instead retained the distinction between them. Thus,
τ†ab remains non-symmetric, which is appropriate when
working in terms of the tetrad rather than the metric,
and also allows one straightforwardly to accommodate
torsion. Most important in eWGT, however, is the addi-
tional final condition (86d), which is analogous to a co-
variant generalisation of the condition that the field virial
(30) should vanish. Thus the eWGT conservations laws
(86) provide a natural local generalisation of all of the
usual conservation laws (29) for theories that are invari-
ant under global conformal transformations (and contain
only fields that belong to irreducible representations of
the Lorentz group).
As was the case in our consideration of the WGT con-
servation laws, however, it is also of interest to consider
the relationship between the dynamical currents in (86)
and their canonical counterparts. This comparison is
again facilitated by first separating the contributions to
the dynamical matter currents resulting from each of the
terms in LM+ ≡ LM + φ2LR† + φ2LT †2 , in a similar
manner to that used for WGT. We also define a set of
eWGT covariant canonical currents t†ab, s
†c
ab and j
†a in
an analogous manner to their WGT counterparts in (85),
but with each occurence of the WGT covariant derivative
D∗aϕi replaced by the eWGT covariant derivative D†aϕi.
By considering the form of the latter, one may again di-
rectly relate the dynamical and covariant canonical cur-
rents, but in eWGT these relationships are somewhat
more complicated than those in WGT. In particular, one
finds (after a lengthy calculation) that
h(τM)
†a
b ≡ t†ab + 13 (D†b j†a − δabD†c j†c), (87a)
h(σM)ab
c ≡ s†cab + 13 (δcaj†b − δcb j†a), (87b)
h(ζM)
a ≡ j†a − s†bab. (87c)
Once again, these equivalences may also be derived by
demanding the coincidence of the currents Jµ and Sµ as
derived from LM, as discussed in Appendix B2. Substi-
tuting the above expressions into (86), for the restricted
case in which LM is the full matter Lagrangian density,
yields the covariant canonical conservation laws
D†ct†cd + t†cbT †bcd − 12s†cabR†abcd − j†cH†cd = 0, (88a)
D†cs†cab + 2t†[ab] = 0, (88b)
D†c j†c − t†cc = 0, (88c)
and the final condition (86d) is satisfied identically.
The expressions (88) clearly represent a natural lo-
cal generalisation of the first three conservation laws in
(29). Moreover, one sees from (87c) that, provided (ζM)
a
vanishes up to a total divergence, then so too should
s†bab − j†a, which provides a replacement additional con-
dition that is a natural generalisation of the analogous
requirement on the field virial (30) for globally confor-
mal invariant theories. This requirement is indeed satis-
fied not only by (ζM)
a, but also by ζa evaluated from the
full matter Lagrangian density LM+ , which is given by
hζa = j†a − s†bab − (12ν + 3a)D†aφ2, (89)
provided the terms in LM+ corresponding to the non-
compensator matter fields ϕi do not contain the dila-
tion gauge field Bµ. This occurs naturally if the ϕi cor-
respond to the Dirac field and/or the electromagnetic
field20. Thus, in terms of the covariant canonical cur-
rents, the eWGT conservation laws once again provide a
natural local generalisation of all of the usual conserva-
tion laws (29) for theories that are invariant under global
conformal transformations.
D. Ungauging eWGT
In Section III C, we considered the process of ‘ungaug-
ing’ ACGT, and obtained the correct limit of global con-
formal transformations. We also considered ‘ungauging’
WGT and found the limit to correspond to global Weyl
transformations, which again shows that WGT cannot
be considered as a true gauge theory of the conformal
group. In this section, we consider the ‘ungauged’ limit
of eWGT.
One begins by requiring the field strength tensors
R†abcd, H†cd and T †acd to vanish in the ‘ungauged’ limit.
Similarly to WGT, in this limit, the coordinate system
and H-gauge can be chosen such that
ha
µ(x) = δµa , A
ab
µ(x) = 0, Bµ(x) = 0. (90)
It is worth noting that, in this reference system, the
eWGT covariant derivative reduces to a partial deriva-
tive. Thus, the eWGT covariant canonical currents t†ab,
s†cab and j
†a reduce to the standard ones in (27) and (28),
and the conditions (88) and (89) reduce, respectively, to
the first three conservation laws in (29) and the vanishing
of the field virial (30) up to a total divergence. Indeed,
we note further that all these reductions also occur un-
der the less restrictive set of conditions ha
µ(x) = δµa and
A†abµ(x) = 0, which also ensure that R†abcd, H†cd and
T †acd vanish.
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Let us now apply an analogous approach to that dis-
cussed in Section III C to ‘ungauge’ eWGT. We thus
begin by considering the eWGT covariant derivative of
some matter field ϕ(x) (here belonging to some irre-
ducible representation of the Lorentz group), which from
(64), (65) and (66) is given by
D†cϕ = hcµ[∂µ + 12A†abµΣab + (Bµ − 13Tµ)∆]ϕ, (91)
where Ta ≡ T bab is the trace of the PGT torsion and
the modified A-field is A†abµ ≡ Aabµ + (baµBb − bbµBa),
as defined in (67). As previously, the dynamics of the
matter field will be sensitive to the translational gauge
field hc
µ, irrespective of the nature of ϕ. In eWGT, how-
ever, depending on the nature of ϕ, the dynamics of the
matter field may be insensitive to one or both of the com-
binations A†abµ and Bµ − 13Tµ of the gauge fields. Thus,
following the reasoning presented in Section III C, to es-
tablish the ‘ungauged’ limit one should consider the ‘sub-
sidiary’ field strength tensors obtained from R†abcd, H†cd
and T †acd by including only those terms that depend on
the combinations A†abµ or Bµ − 13Tµ of the gauge fields,
respectively.
1. Infinitesimal transformations
We first consider infinitesimal transformations, as we
did in Section III C. Thus, starting from the relations
(90), one should demand that under subsequent GCT
and H-gauge transformations that preserve the first re-
lation (such that δ0ha
µ = 0 and so ensuring the equiv-
alence of Latin and Greek indices before and after the
transformation), all ‘subsidiary’ field strength tensors re-
main zero. The infinitesimal form of the eWGT trans-
formation law for ha
µ is easily obtained from its finite
form in (69), and is identical to that given in (40) for
ACGT (and WGT). Thus, following the argument given
in Section III C, the most general solution for ξα(x) has
the form (3) of an infinitesimal global conformal trans-
formation. One now has to check, however, if any further
conditions apply to this solution by our requirement on
the behaviour of the ‘subsidiary’ field strength tensors.
By analogy with the discussion in Section III C, a
straightforward way of imposing this requirement is to
demand that, under subsequent GCT andH-gauge trans-
formations satisfying δ0ha
µ = 0, the change in each ‘full’
field strength R†abcd, H†cd and T †acd arising from the
change in either combination of gauge fields A†abµ or
Bµ− 13Tµ should vanish separately. Unlike the cases con-
sidered in Section III C, however, the quantities A†abµ
and Bµ − 13Tµ are not independent. Indeed, starting
from (67) and assuming δ0ha
µ = 0, it is easily shown
that δ0(Bµ− 13Tµ) = 13δ0A†aµa. Thus, one need consider
only the changes in R†abcd, H†cd and T †acd arising from
the change in the combination A†abµ of the gauge fields.
As previously, the condition δ0ha
µ = 0 guarantees that
the variation in the field strength tensors vanishes if the
variation in their non-calligraphic counterparts does so.
The transformation laws of the latter (assuming δ0ha
µ =
0) are given very simply in terms of the transformations
of the quantities A†abµ by
δ0R
†ab
µν = 2∂[µδ0A
†ab
ν], (92a)
δ0H
†
µν =
2
3∂[µδ0A
†b
ν]b, (92b)
δ0T
†a
µν = 2δ0A
†a
b[µδ
b
ν] − 23δa[µδ0A†bν]b. (92c)
Since these expressions depend solely on δ0A
†ab
µ, our
procedure is equivalent to demanding only that the vari-
ation in each field strength tensor vanishes, but this is
satisfied by construction. Alternatively, one may show
this directly by making use of the transformation law
δ0A
†ab
µ = −2δ[aµ ∂b]̺, which may be derived by taking
the infinitesimal limits of (69) and assuming δ0ha
µ = 0.
Substituting this form for δ0A
†ab
µ into (92) one finds that
(92b) and (92c) vanish identically, and (92a) vanishes by
virtue of the condition (5b). Hence no further conditions
apply to this solution, which is sufficient to show that the
‘ungauged’ limit of eWGT corresponds to global confor-
mal transformations; this differs markedly from WGT,
for which we showed in Section III C that the ‘ungauged’
limit corresponds to global Weyl transformations.
It is worth noting that under the global conformal
transformation (3), the second and third conditions in
(90) are not preserved. Indeed, one finds
δ0A
ab
µ = 4(1− θ)δ[aµ cb], δ0Bµ = 2θcµ, (93)
which in turn lead to δ0A
†ab
µ = 4δ
[a
µ cb]. Thus, as antici-
pated in Section III C, although applying our ‘ungauging’
approach to WGT is equivalent to requiring that all the
conditions in (90) are preserved, this equivalence does
not hold when it is applied to eWGT. Indeed, as is clear
from (93), the latter requirement in eWGT would lead
to the condition cµ = 0, which corresponds to a global
Weyl transformation.
2. Finite transformations
We may extend our discussion to finite transforma-
tions, which also include inversions. Starting again from
the relations (90), one should demand that under sub-
sequent finite GCT and H-gauge transformations that
preserve the first relation (such that h′a
µ
(x′) = δµa ), all
‘subsidiary’ field strength tensors remain zero.
It is straightforward to show that h′a
µ
(x′) = δµa is a nec-
essary and sufficient condition for the coordinate trans-
formation matrix to satisfy (16); this in turn satisfies
(1), from which it follows that the most general form
for the transformation is a finite global conformal trans-
formation satisfying the conditions (17), as described in
Section II B. It therefore remains to check if any further
conditions apply arising from our requirement on the be-
haviour of the ‘subsidiary’ field strength tensors.
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By analogy with the infinitesimal case, we demand
that, under subsequent GCT and H-gauge transfor-
mations satisfying h′a
µ
(x′) = δµa , the change in each
‘full’ field strength R†abcd, H†cd and T †acd arising from
the change in either combination of gauge fields A†abµ
or Bµ − 13Tµ should vanish separately. Starting from
(67) and assuming h′a
µ(x′) = δµa , one may show that
B′µ(x
′) − 13T ′µ(x′) = 13A†′aµa(x′), and so again one need
only consider changes in R†abcd, H†cd and T †acd arising
from the change in the combination A†abµ of the gauge
fields.
The condition h′a
µ
(x′) = δµa guarantees that the
transformed field strength tensors vanish if their non-
calligraphic counterparts do so. The transformation laws
of the latter (assuming h′a
µ
(x′) = δµa ) are given in terms
of A†′abµ(x
′) by
R†′abµν = 2∂
′
[µA
†′ab
ν] + 2A
†′a
e[µA
†′eb
ν], (94a)
H†′µν =
2
3∂
′
[µA
†′b
ν]b, (94b)
T †′aµν = 2A
†′a
b[µδ
b
ν] − 23δa[µA†′bν]b. (94c)
As in the infinitesimal case, since these expressions de-
pend solely on A†′abµ, our procedure is equivalent to de-
manding only that each transformed field strength tensor
vanishes, but this is again satisfied by construction. Al-
ternatively, one may show this directly by making use of
the transformation law A†′abµ = −2δ[aµ ∂b]̺, which may
be derived from (69) with the assumption h′a
µ
(x′) = δµa .
Substituting this form for A†′abµ into (94) one finds that
(94b) and (94c) vanish identically, and (94a) vanishes by
virtue of the condition (17b). Hence no further condi-
tions apply to the solution, so that the ‘ungauged’ limit
of eWGT corresponds to finite global conformal transfor-
mations, including inversions.
V. CONCLUSIONS
We have reconsidered the process of gauging of the
conformal group and the resulting construction of gravi-
tational gauge theories that are invariant under local con-
formal transformations. The standard approach leads to
auxiliary conformal gauge theories (ACGT), so called be-
cause they suffer from the problem that the gauge field
corresponding to special conformal transformations can
be eliminated from the theory using its own equation of
motion, so that the symmetry appears to reduce back
to the local Weyl group. Such theoretical difficulties
with AGCT have led to the development of an alterntive
biconformal gauging and the construction of its associ-
ated biconformal gauge field theories (BCGT). Although
these theories possess some very interesting and promis-
ing properties, their physical interpretation is compli-
cated by their requirement of an 8-dimensional base man-
ifold. Thus, the role played by local conformal invariance
in gravitational gauge theories remains uncertain.
We have therefore revisited the recently proposed ex-
tendedWeyl gauge theory (eWGT), which was previously
noted to implement Weyl scaling in a novel way that
may be related to gauging of the full conformal group.
We demonstrated this relationship here by first showing
that, provided any physical matter fields belong to an ir-
reducible representation of the Lorentz group, eWGT is
indeed invariant under the full set of (finite) local confor-
mal transformations, including inversions. This property
is, however, also shared by standard WGT, as might be
expected from the theoretical shortcomings of ACGT.
Nonetheless, we also show that eWGT has two further
properties not shared by WGT. First, the conservation
laws of eWGT provide a natural local generalisation of
those satisfied by field theories with global conformal in-
variance, in particular that the field virial should van-
ish; this is the key criterion for an action to be invari-
ant under SCTs, in addition to the remainder of the
global conformal group (connected to the identity). Sec-
ond, we show that the ‘ungauged’ limit of eWGT corre-
sponds to global conformal transformations, rather than
global Weyl transformations. These findings suggest that
eWGT can be regarded as a valid alternative gauge the-
ory of the conformal group, despite not having been de-
rived by direct consideration of the localisation of its
group parameters. Therefore, eWGT might be consid-
ered as a ‘concealed’ conformal gauge theory (CCGT).
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Appendix A: Direct derivation of finite global conformal
transformations
For a finite coordinate transformation x′µ = fµ(x) in
n-dimensional Minkowski spacetime to satisfy the defin-
ing condition (1) to be conformal, one immediately re-
quires
(∂αfγ)(∂βf
γ) = 1
n
(∂νfµ)(∂
νfµ)ηαβ , (A1)
where (∂νfµ)(∂
νfµ) = nΩ2 and ∂νf
µ = ∂x′µ/∂xν =
Xµν is the coordinate transformation matrix. Equation
(A1) is the finite version of the conformal Killing equation
(2), to which it reduces in the infinitesimal limit x′µ ≈
xµ + ξµ(x).
Acting on (A1) with ∂λ, cyclically permuting the in-
dices λ, α and β to obtain two further equivalent equa-
tions and subtracting the first equation from the sum of
the other two, one obtains
2(∂α∂βf
γ)(∂λfγ) =
1
n
(ηλα∂β+ηβλ∂α−ηαβ∂λ)Ω2. (A2)
of which we will make use shortly.
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Another useful equation may be obtained by first act-
ing on (A1) with ∂β , then acting on the resulting equa-
tion with ∂β , symmetrising on α and β and finally using
(A1) again. This yields
[ηαβ
2 + (n− 2)∂α∂β ]Ω2 + 2(∂α∂βfγ)2fγ
− 2(∂α∂λfγ)(∂β∂λfγ) = 0, (A3)
from which one may derive two further useful equations.
First, contracting (A3) with ηαβ , one obtains
(n− 1)2Ω2 + (2fγ)(2fγ)− (∂τ∂λfγ)(∂τ∂λfγ) = 0.
(A4)
Then, multiplying (A4) by ηαβ and subtracting the result
from (n− 1) times (A3) gives
(n− 1)(n− 2)∂α∂βΩ2 + 2(n− 1)[(∂α∂βfγ)2fγ − (∂α∂λfγ)(∂β∂λfγ)]− ηαβ [(2fγ)(2fγ)− (∂τ∂λfγ)(∂τ∂λfγ)] = 0.
(A5)
As discussed in Section II B, one may write the trans-
formation matrix of a smooth conformal transformation
in the form (16), such that
∂νf
µ = Ω(x)Λµν(x), (A6)
where Λµν(x) is, in general, a position-dependent Lorentz
rotation matrix (either proper or improper). First, sub-
stituting (A6) into (A2), one finds that Ω(x) and Λµν(x)
must satisfy the relation
∂µΛ
γ
β = (Λ
γ
µ∂β − ηµβΛγλ∂λ) lnΩ, (A7)
from which one may straightforwardly obtain the result
(17a), namely
Λγ
α∂µΛ
γβ − 2δ[αµ ∂β] lnΩ = 0. (A8)
Then, substituting (A6) into (A4) and (A5), respectively,
and using the result (A7), one finds
(n− 1)[2Ω2Ω+ (n− 4)(∂γΩ)(∂γΩ)] = 0, (A9)
(n− 1)(n− 2)[2Ω∂α∂βΩ+ ηαβ(∂γΩ)(∂γΩ)− 4(∂αΩ)(∂βΩ)] = 0, (A10)
where the second result matches (17b) for n ≥ 3.
In order to solve (A8–A10) for Ω and Λµν , it is in fact
more convenient work in terms of the reciprocal dilation
σ ≡ 1/Ω, for which (A8–A10) become
Λγ
α∂µΛ
γβ + 2δ[αµ ∂
β] lnσ = 0, (A11)
(n− 1)[n(∂γσ)(∂γσ)− 2σ2σ] = 0, (A12)
(n− 1)(n− 2)[ηαβ(∂γσ)(∂γσ)− 2σ∂α∂βσ] = 0. (A13)
Assuming n ≥ 3, (A13) immediately implies that
∂α∂βσ = 0 for α 6= β. One thus requires σ(x) = qµ(xµ),
i.e. the sum of n functions, each of which is a function
only of the corresponding coordinate (and possibly a con-
stant). Substituting this form back into (A13) with α =
β and adopting the signature ηαβ = diag(1,−1, . . . ,−1),
one finds that
q′′0 = −q′′i = 12σ(∂γ lnσ)(∂γ lnσ), (A14)
where primes denote differentiation with respect to the
function argument and the index i runs from 1 to n− 1.
Thus, up to a sign, each q′′µ must be equal to the same
constant. Consequently, σ(x) must have the form
σ(x) = a+ 2cµx
µ + bx2, (A15)
where a, b and cµ are constants. Finally, substituting
this form back into (A14) or (A12), yields the condition
that ab = c2.
Let us first assume that the vector cµ is non-null. In
this case, there are three non-trivial possibilities:
(i) a 6= 0 and b = 0 = cµ, so that σ = a;
(ii) b 6= 0 and a = 0 = cµ, so that σ = bx2;
(iii) a, b and at least one component of cµ are non-zero,
so that σ = a(1 + 2c¯µx
µ + c¯2x2), where c¯µ ≡ cµ/a.
Turning then to the case where the vector cµ is non-zero
but null, one requires at least one of a and b to be zero.
Hence, there are three further possibilities:
(iv) a 6= 0 and b = 0, so that σ = a+ 2cµxµ;
(v) a = 0 and b 6= 0, so that σ = 2cµxµ + bx2;
(vi) a = 0 = b, so that σ = 2cµx
µ.
For each of the above possible forms for the recip-
rocal scale factor σ(x), one may now use (A11) to de-
termine the form of the corresponding (proper or im-
proper) Lorentz transformation Λµν(x), and hence the
full transformation matrix Xµν(x) = [1/σ(x)]Λ
µ
ν(x) in
each case. Before proceeding, however, it should be noted
that (A11) is insufficient to determine Λµν(x) fully, since
if Λµν(x) satisfies (A11), then so too does Λ
µ
λ(x)Λ
λ
ν ,
where Λλν may be any position-independent Lorentz
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transformation matrix. With this caveat in mind, we
now consider each of the possible forms for σ(x) listed
above.
(i) For σ = a, one requires Λµν = constant. Thus
Xµν corresponds to a combination of a position-
independent scaling 1/a, (proper or improper)
Lorentz transformation and translation (namely a
global Weyl transformation).
(ii) For σ = bx2, (A11) is solved by Λµν(x) = I
µ
ν(xˆ),
which corresponds to a reflection in the hyperplane
perpendicular to the unit vector xˆ. Thus Xµν
corresponds an inversion followed by a position-
independent scaling 1/b.
(iii) For σ = a(1 + 2c¯µx
µ + c¯2x2), (A11) is solved by
Λµν(x) = I
µ
λ(xˆ
′)Iλν(xˆ), where x
′µ is given by (14)
with cµ replaced by c¯µ. Thus X
µ
ν corresponds
to a SCT, in which the intermediate translation
is through the vector c¯µ, followed by a position-
independent scaling 1/a (see Section II B).
(iv) For σ = a+ 2cµx
µ = a(1 + 2c¯µx
µ), (A11) is solved
by Λµν(x) = I
µ
λ(xˆ
′)Iλν(xˆ), where x
′µ is given by
(14) with cµ replaced by c¯µ, and for which c¯
2 =
0. Thus Xµν corresponds to a SCT, in which the
intermediate translation is through the null vector
c¯µ, followed by a position-independent scaling 1/a.
(v) For σ = 2cµx
µ + bx2 = b(2c˜µx
µ + x2), where c˜µ ≡
cµ/b, (A11) is solved by Λ
µ
ν(x) = I
µ
ν [nˆ(x)], where
the unit vector nˆ(x) has components
nˆµ(x) =
xµ + c˜µ√
x2 + 2c˜ · x. (A16)
It is straightforward to show that the resultingXµν
corresponds to a translation through c˜µ, followed
by an inversion, followed by a position-independent
scaling 1/b.
(vi) For σ = 2cµx
µ, (A11) is solved by Λµν = I
µ
ν(cˆ).
In a similar way to case (v), it is straightforward to
show that the resultingXµν corresponds to a trans-
lation through cµ in the limit cµ →∞, followed by
an inversion.
In deriving the above solutions, we have made use of
the following results. First, if Λµν(x) = I
µ
ν [nˆ(x)], which
corresponds to a reflection in the hyperplane perpendic-
ular to a position-dependent unit vector nˆ(x), the first
term in (A11) may be written as
Λγ
α∂µΛ
γβ = 4nˆ[α∂µnˆ
β]. (A17)
By then considering the identity nˆ[γnˆα∂µnˆ
β] = 0, one
quickly finds that (A11) implies that nˆµ ∝ ∂µσ. Second,
if Λµν(x) = I
µ
λ[nˆ(x)]I
λ
ν [mˆ(x)], which corresponds to a
reflection in the hyperplane perpendicular to a position-
dependent unit vector mˆ(x), followed by a reflection in
the hyperplane perpendicular to nˆ(x) (which together
constitute a local rotation in the hyperplane defined by
mˆ(x) and nˆ(x), through twice the angle between them),
then the first term in (A11) may be written as
Λγ
α∂µΛ
γβ = 4(mˆ[α∂µmˆ
β] + nˆ[α∂µnˆ
β] + 2mˆ[αnˆβ] mˆγ∂µnˆ
γ
− 2mˆ · nˆ mˆ[α∂µnˆβ]). (A18)
As expected, cases (i)-(vi) contain only the four dis-
tinct finite elements of the conformal group, namely
position-independent translations, rotations and scalings,
together with inversions.
Appendix B: Global and local symmetries in field theory
Consider a Minkowski spacetime M, labelled using
Cartesian inertial coordinates, in which the dynamics of
some set of fields χ(x) = {χi(x)} (i = 1, 2, . . .) is de-
scribed by the action
S =
∫
L(χ, ∂µχ) d4x. (B1)
It should be understood here that the index i merely
labels different matter fields, rather than denoting the
tensor or spinor components of individual fields (which
are suppressed throughout). It is worth noting that, in
general, the fields χi(x) may include matter fields ϕi(x)
and gauge fields gi(x).
Invariance of the action (B1) under an infinitesimal co-
ordinate transformation x′µ = xµ+ξµ(x) and form varia-
tions δ0χi(x) in the fields (where the latter do not neces-
sarily result solely from the coordinate transformation),
implies that, up to a total divergence of any quantity that
vanishes on the boundary of the integration region, one
has
δ0L+ ∂µ(ξµL) = 0, (B2)
where the ‘form’ variation of the Lagrangian is given by
δ0L = ∂L
∂χi
δ0χi +
∂L
∂(∂µχi)
δ0(∂µχi), (B3)
and, according to the usual summation convention, there
is an implied sum on the index i.
The invariance condition (B2) can alternatively be
rewritten as
δL
δχi
δ0χi + ∂µJ
µ = 0, (B4)
where δL/δχi denotes the standard variational derivative
and the Noether current Jµ is given by
Jµ =
∂L
∂(∂µχi)
δ0χi + ξ
µL. (B5)
If the field equations δL/δχi = 0 are satisfied, then (B4)
reduces to the (on-shell) conservation law ∂µJ
µ = 0,
which is the content of Noether’s first theorem and ap-
plies both to global and local symmetries.
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1. Global symmetries
Let us first consider an action invariant under a global
symmetry. In the context of constructing gauge theories,
it is usual first to consider an action of the form
S =
∫
L(ϕ, ∂µϕ) d
4x, (B6)
where the Lagrangian density L and the Lagrangian L
coincide and depend only on a set of matter fields ϕ(x) =
{ϕi(x)} and their first derivatives. Moreover, we will
consider only the case for which the action of the global
symmetry on the coordinates and fields can be realised
linearly.
In this case, the coordinate transformation and the re-
sulting form variations of the fields that leave the action
invariant can be written as, respectively,
ξµ(x) = λjξµj (x), δ0ϕi(x) = λ
jGjϕi(x) (B7)
where λj are a set of constant parameters, ξµj (x) are given
functions and Gj are the generators of the global sym-
metry corresponding to the representation to which ϕi
belongs. Note that, for each value of j, the param-
eter λj typically represents a set of infinitesimal con-
stants carrying one or more coordinate indices; for ex-
ample, if one considers global conformal invariance, then
{λ1, λ2, λ3, λ4} = {aα, ωαβ, ρ, cα}.
The Noether current (B5) then takes the form
Jµ = λj
(
∂L
∂(∂µϕi)
Gjϕi + ξ
µ
j L
)
. (B8)
Since the parameters λj are constants, the (on-shell) con-
servation law ∂µJ
µ = 0 hence leads to a separate condi-
tion for each value of j, given by
∂µ
(
∂L
∂(∂µϕi)
Gjϕi + ξ
µ
j L
)
= 0, (B9)
which again hold up to a total divergence of any quantity
that vanishes on the boundary of the integration region
of the action (B6).
2. Local symmetries
We now consider an action of the form (B1) that is
invariant under a local symmetry. In particular, we focus
on the (usual) case in which the form variations of the
fields can be written as
δ0χi = λ
jfij(χ, ∂χ) + (∂µλ
j)fµij(χ, ∂χ), (B10)
where now λj = λj(x) are a set of independent arbi-
trary functions of position, and fij(χ, ∂χ) and f
µ
ij(χ, ∂χ)
are two sets of given functions that, in general, may de-
pend on all the fields and their first derivatives. The
general form (B10) typically applies only when χi =
gi is a gauge field, whereas if χi = ϕi is a mat-
ter field, then fij(χ, ∂χ) = Gjϕi and f
µ
ij(χ, ∂χ) =
0, as for a global symmetry. By analogy with our
discussion above, for each value of j, the function
λj(x) typically represents a set of infinitesimal func-
tions carrying one or more coordinate or local Lorentz
frame indices; for example, if one considers local con-
formal invariance, then {λ1(x), λ2(x), λ3(x), λ4(x)} =
{aα(x), ωab(x), ρ(x), ca(x)}, where aα(x) is interpreted
as an infinitesimal general coordinate transformation
(GCT) and is usually denoted instead by ξα(x).
Using the expression (B10), and after performing an
integration by parts, the corresponding variation of the
action (B1) is given by (suppressing functional depen-
dencies for brevity)
δS =
∫
λj
[
fij
δL
δχi
− ∂µ
(
fµij
δL
δχi
)]
+ ∂µ(J
µ − Sµ) d4x,
(B11)
where we define the new current Sµ ≡ −λjfµijδL/δχi.
Since the λj are arbitrary functions, for the action to be
invariant one requires the separate conditions
fij
δL
δχi
− ∂µ
(
fµij
δL
δχi
)
= 0, (B12)
∂µ(J
µ − Sµ) = 0, (B13)
where the former hold for each value of j separately and
the latter holds up to a total divergence of a quantity
than vanishes on the boundary of the integration region.
The first set of conditions (B12) are usually inter-
preted as conservation laws, which are covariant under
the local symmetry, although not manifestly so in the
form given above. The condition (B13) implies that
Jµ = Sµ + ∂νQ
νµ, where Qνµ = −Qµν , so the two
currents coincide up to a total divergence. By contrast
with the case of a global symmetry, if the field equa-
tions δL/δχi = 0 are satisfied, then the conservation laws
(B12) hold identically and Sµ vanishes. Thus, the con-
ditions (B12–B13) effectively contain no information on-
shell, which is essentially the content of Noether’s second
theorem50.
Nonetheless, the on-shell condition that all the field
equations δL/δχi = 0 are satisfied can only be imposed
if L is the total Lagrangian density, and not if L corre-
sponds only to some subset thereof (albeit one for which
the corresponding action should still be invariant under
the local symmetry). In particular, suppose one is con-
sidering a field theory for which the total Lagrangian
density LT = LM + LG, where LG contains every term
that depends only on the gauge fields gi and/or their
derivatives, and LM contains all the remaining terms.
Thus, if L = LM, then only the matter field equations
δL/δϕi = 0 can be imposed, whereas if L = LG none of
the field equations can be imposed. In either case, the
surviving terms in (B12–B13) do contain information51.
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